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ON A MONOTONICITY PROPERTY OF MEASURES OF 
DIRECTED-DIVERGENCE 


J. N. Kapur AND G. P. TriPATHTI 
Department of Mathematics, Indian Institute of Technology, New Delhi 110016 


(Received 26 May 1988; after revision 25 October 1988) 


For any three given probability distributions P, Q, R, it is shown that 
Csiszer’s measure of airected divergence of (KP + R)/(K + 1) from 
(kQ + R)/(k + 1) is a monotonic increasing function of k. 


1, INTRODUCTION 


In Euclidean geometry, let P’, Q’ be points which divide the sides RP, RQ in the 
same ratio k: 1, thenit is knownthat the length of P Q’isk/(k + 1) times the 
length of PQ and P’ O is parallel to PQ. 


Now let 





Fic. 1. 


P= (71, | Dee oe Pn), @) = (91; G2, vers qn), R= (ri, 195 iss rn) Ab) 


be three probability distributions and let 


_ ktm _kpat re _kpn + Tn 
eee £1 8° ke I 


pkg ta kaa + 12. qn + rn ...(2) 
Peeeeeret kt)" k+1 


We now find directed divergences D (P’ : Q’') and D (P: Q), and motivated by the above 
result in Euclidean Geometry, ask the following questions : 
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(a) Is D(P': Q')|D (P: Q) = k(k + 1)? 
(b) Is D(P’:Q') S D(P:Q)? 
(c) Is D (P’: Q’) monotonic increasing function k? 


Now there are a large number of measures of directed divergences4. The most impor- 
tant of these is the measure due to Csiszer!, viz. 


n 


D (P:Q) = ss qt r( = ) aa) 


i=1 


where f (. ) is a convex twice-differentiable function for which f (1) = 0. It can easily 
be shown that 


D(P:Q)20 ...(4) 
D(P: 0)=0ifP=Q me), 


and 


D (P: Q) is a convex function of pi, po, ..., Pn as well as of q1, qo, ....gn. 


The{ measure (3) includes the following measures of directed divergence as special cases: 
(i) . Kullback-Leibler5 measure of directed divergence 


Di (P:Q) = > pi in A .-.(6) 
i=] 


This is obtained by putting f (x) = x In x in (3). 


(ii) Havrda-Charvat? measure of directed divergence 


n 


Ds (P:Q) = cal > pine I), 3:0, 0A te 


im1 
This is obtained by putting f (x) = (x* — x)](«a — 1) in (3). 


(ili) _ Sharma-Taneja? measure of directed divergence 


Ds (P:Q) = Gaal > Poags -S Pr Te ---(8) 
i=] 


i=] 
where 


*¢>1,0< B< lor0O<a <land8> 1. (9) 
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This is obtained by putting f (x) = mee), in (3). 2.4110) 
(iv) Kapur’s? measure of directed divergence is 
n n pt 
Da(P: Q) = SS pt In  — >> (qi + apt) In aE) aon 
qt ae l+a 
i=l im1 
where a°-1 > b. mre gh 
This is obtained by putting 
= bo 1 + ax : 
f (x) = x ln-x — a (1 + ax) n( t=) =.(12)-i0 (3). 


It is obvious that any theorem proved for Csiszer’s measure (3) will continue to 
hold for the measures (6), (7), (8) and (11). 


In the present paper, we shall show that for Csiszer’s measure the answer to 
question (a) is in the negative, while the answers to questions (b) and (c) arein the 
affirmative. The answer to question (a) is also in the affirmative if equality sign there 
is replaced by sign <. . 


All the properties are highly desirable and are expected from every measure 
which seeks to measure discrepency or distance in some sense. 


2. A Basic THEOREM AND ITS CONSEQUENCES 
Theorem—Csizser’s measure of directed divergence 


kP +R eases) 


DPS. 0C) = ere ; Oe eti3) 


is a monotonic increasing function of k, (k > 0) and increases from 0 to D (P: Q) as 


k increases from 0 to oo. 


Proor : Let 








ll 


g (k) 


= kqt + rt ) r( kp + rt ) (14) 
k+1 kqt + rt 
so that 


g’ (k) = amL> eer te | 


(equation continued on p, 854) 
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~ (1 + k) re (pt— gt) p, ( ret kpe_ ] (Loy 
ai cag OR TT ( re t+ kat 
i=1 
R (k) 
— T+ Ep OH). a 
Now 
be (1 =o k) re (pi - qi) ie Ti + kpi (17) 
RO) Ss ee Werte : 
{=1, 


since f (.) is convex, f’(.) > Oand R’ (k) vanishes when pi = qi for eachi so that 
nn 
R' (k) > 0. Also from(15) and (16), R (0) = (0), since f (1) = 0 and ‘oe (pi — qt) 


= 0 so. Thus R (k) > 0. Thus g’ (k) > 0 so that g (Kk) is a monotonic increasing func- 
tion of k. Also g (0) = Oand g (ee) = D(P: Q). Thus the theorem is proved. 


We deduce the following corollaries from this theorem. 


Corollary 1\—The answers to questions (b) and (c) of section | are in the affirma- 
tive. 
Corollary 2—For each of the measures due to Kullback-Leibler5, Havrda- 


Charvat?, Sharma-Taneja and Kapur’, the directed divergence of “Cah, from 
(kKQ + R) 


fea is a monotonic increasing function of k which increases from 0 to the 
the value of directed divergence of P from Q, as k increases from 0 to oo. 


Corollary 3—For Renyi’s measure of directed divergence defined by 


n 


Ds (P: Q) = — In Sy Pe gg, a l,a>0 Peis) 


t=] 


(KP +R) |. (kO+R)). ry. : ‘ Vin 8 
“(+I * & +1) ~| 84 Monotonic increasing function of k which in- 


creases from 0 to Ds (P: Q) as k increases from 0 to co. 


Proof: From (7) and (18) 


1 
Ds Feed ey, = (a—1) In [(a —~— hz 2 (P: Q) + 1] ee(19) 
so that 


D lle = SS org ie d ' ’ 
DOSES, [((« — 1) Do (P’: 0) +1) de P2(P': 9) 


(equation continued on p. 855) 
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mE ic a a a! ae 
= ee Do (P’: QO’). ...(20) 


% sl-«% 
: P; q i 
t=] 


n 


° 1l-« ° 
Since > PY q; > 0 and D2 (P’ : QO’) is a monotonic increasing function of k 
im1 


it follows from (20) that D(P’ : Q’) is also a monotonic increasing function of k. 
Corollary 4—For Kapur’s® measare of directed divergence defined by 


n 


ss p- qos 0<a <1,8> l,or 
1 te 


De (P:Q)= fab), In 


Sf: Ua Dee ee ee A 


Dg (P’ : QO’) is a monotonic increasing function of & which increases from 0 to De 
(P: Q) as k increases from 0 to oo. 


PROOF : 





fhe Saeed 
Ta-B ve 








-B 
D4 | -..(22) 


From Corollary 3, the expressions within the square brackets are monotonic increasing 
functions of k. Also if the conditions on «, 8 given in (21) are satisfied, then the co- 
efficients of both the expressions in square brackets are positive. It follows that 
Dg (P’ : QO’) is a monotonic increasing function of k. 


Corollary 5—: The answers to questions (b) and (c) of section 1 are in the affir- 
mative for both Renyi’s® and Kapur’? second measure of directed divergence. 


3. DiscussioON OF QUESTION (A) OF SECTION I 
Since each of the measures of directed divergence due to Csiszer1, Kullback- 
Leibler®, Havrda-Charvat2, Sharma-Taneja’ and Kapur‘ is a convex function of both 
P and Q, it follows that for each of these 
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D[{mP + (1 — m) R: mQ + (1 — m) R) 
< mD(P:Q)+(1—m) D(R: R)=mD(P:92),0gm<cl. 


(23) 
; k 

Putting m = rp are eee 
kP+R |. kQ+R ok , 24 
a: oF )< Ey Dee (24) 

or 
K 

Cou és neecaeacage meant : QO). Lays 


Thus the answer to question (a) for all these measures is in the affirmative if the 
equality sign there is replaced by < sign. 


By taking special probability distributions, it can easily be shown that in (25) 
equality sign does not always hold for Csiszer’s measure or for any of its special cases. 


The equality sign will however hold for the metrics 


n 1/2 
DAB Qi 2" (eg) es or eee ...(26) 
i= 
or 
n l/r 
DAE YL oe pees : eae) hie aks He, 8 asl iD 
t= 
It may be noted that while these metrics are symmetric and satisfy the triangle in- 
equality, our directed divergence measures do not satisfy these properties. 
If we take symmetric measures of directed divergence defined by 
J(P:Q) = D(P:Q) + D(Q: P) ...(28) 


questions (b) and (c) are still answered in the affirmative, while question (a) is answered 
in the affirmative if we replace equality sign by inequality sign. 


4. AN INTERESTING PROPERTY OF SYMMETRIC DiVERWENCR 


When D (P: Q) isa convex function of both P and Q, we get 
kP 
D ( ae al 











k 
bal (ey D (PER) rey 


(kK + 1) 
...(29) 


D(x: +0 ) 1 
(Ey PCR: Q) ...(30) 


k 
RE La ee aay oe eee 
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so that 
kKP+Q. k I 
1 ( aa :R)< Geant E54) JAR): 
a3) 
Similaraly 
AQ+R . k l 
1( ere ARS tk qaiyer (2°?) + YT TREN TY J(R: P) 
patoee 
and 
KR+P . k : ] 
A eK) 
From (31) — (33) we get 
KP’ +O kKO+R:P kR+P 
( Pat :R)+4( k+1 )+a/ KAT Q) 
<J(P:Q)+J(Q:R)+J(R:P). ... (34) 
In particular if k = 1, 
por Oe. OMe ee R+R 
(32 iz) + 4/ : :P )+ (( ; : Q) 
S J(P:Q)+J/(0:R)+ J(R: P). Pa he fey 


The inequalities (34) and (35) will hold for both Euclidean metrics as well as for 
Csiszer’s symmetric divergence and its special cases. 


REFERENCES 


I. Csiszer, Periodic Math Hungarian 2 (1972), 17. 

J. Havrda and F. Charvat, Kybernatica 3 (1967), 30. 

J. N. Kapur, Proc. Indian Acad. Sci. 48A (1968), 68. 

J. N. Kapur, Adv. Manag. Studies 3 (1984), 1. 

S. Kullback and R. Leibler, Ann. Math. Stat. 22 (1985), 79. 

A. Renyi, Proc. 4th Berkley Symp. Mathematical Statistics & Probability 1 (1961),5. 
B. D. Sharma and I. J. Taneja, Metrica 22 (1975), 205. 


oe Pe ey eee 


Indian J. pure appl. Math., 20 (9) : 858-870, September 1989 


BAYES APPROACH TO PREDICTION IN SAMPLES FROM 
GAMMA POPULATION WHEN OUTLIERS ARE PRESENT 


G. S. LINGAPPAIAH 


Departmemt of Mathematics, Sir George Williams Campus, Concordia University 
Montreal, Canada 


(Received 3 October 1988; after revision 22 February 1989) 


This paper deals with the problem of predicting order statistics in samples 
from a gamma population when an outlier is present. First, predictive dis- 
tribution of the rth order statistics is obtained where an outlier of type 68 
is present. Asa special case with r = 1 and r = a, predictive distribu- 
tions of minimum and maximum are obtained, Inthis connection, some 
identities are derived, Next outlier of type 6 + 8 is dealt with. In this 
case, predictive distribution ofthe rth order statistics is expressed in terms 
of hypergeometric functions. Small tables give the variances of minimym 
and maximum. 


1. INTRODUCTION 


In this paper, few concepts like order statistics, prediction and outliers are dealt 
with. Outlier problem has received much attention recently. Kitagawa5 uses Bayes 
approach to analyse when outliers are present. Barnett and Lewis” is a text devoted 
entirely to outliers. Lingappaiah7’8 deals with the estimation problem when outliers 
are present and expresses estimates in terms of hypergeometric functions. Regarding 
prediction, Lingappaiah®, predicts an order statistics using classical approach while, 
Dunsmore® and Lingappaiah9"11"12 yse Bayes approach to the same problem of pre- 
diction. In this paper, a different situation is taken up. That is, inthe samples now, 
outliers are present. First, predictive distribution ofthe rth order statistics a sample 
from a gamma population is obtained when an outlier of type 6 6 is present. As special 
cases, by setting r = | and r = n predictive distributions of the minimum and maxi- 
mum are obiained. In this connection, some identities are derived. Next, outlier of 
type 6 + 9 is considered and in this case, predictive distribution of the rth order statis- 
tics is expressed in terms of hypergeometric functions given in Erdelyi er al.4. Variances 
of minimum and maximum are given for small values of 5, a and n. 


2. PrepictivE DistRIBUTION (OuTLIER OF TypE 03) 
If x has the gamma distribution 


f(x) = 78 (9x)*-1 6/T (a), x > 0,2 >0 el @ 
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then (with « as an integer), one has 
a=] 
F(x) =1-—- fe e-®* (9x)*/k!, ...(la) 


Distribution of the rth order statistics, in a sample of size n (Balakrishnan! when an 
outlier is present is 

h (x) = (a) [(r — 1) Fr-2(1 — F)®* G (x) f (x) + Fr-1 (1 — Fr g (x) 

pair) fee tm Fe yeer 2 {1 G (x)] f(x). ata) 


— | 
Wherea = ( oe ) and f (x) = fand F (x) = F are the density and distribution 


function of all those x’s which are not outliers while g (x) and G (x) are those of an 
outlier. If the outlier is of type 65, then from (1), we have 


& (x) = e 98% (65x)*"1 Gd/P (x) 3) 
and if the rth order statistics is x(r) = u, then we have (2) as, 
f(u | 6) = [a/P («)] [(r — 1) {1 — z (@u)}r-? {2 (4u)}"-" {1 — z (08u)} 
x {e-*4 (gu)*-1 9} + (1 — z (6u)}T-1 {z (@u)}™-T {e-98u 
x (93u)*-1 95} + (n — r) {1 — z (Ou)}" 1 {z (9u)}"-1-1 


{z (95u)} {e~8™ (au)*-1 9}] (4) 
where 
z (gu) = > e- 8% (gu)*/k!. ... (4a) 
k=0 
Now (4) is 
f (ule) = [a/T (@)] ((r — 1) (Qo) {z (6u)}™ {1 — z (05u)} {2° 9 (ou) 8} 
+ (Q) {z (auy}™ {e-954°(95u)*-} (83)} 
+ (Q) (n — r) {z (Ou)}™-1 {z (5u)} (278% (Gu)*-1 83] -«1(9) 
where 
r-2 tk 
— 2 — | 
m=n—rt+j, (Qo) = Sake j )c 1)/, (Q) = DAG ) 
i=0 j= 
(-1)4. 
Now, 


(«-1)m 
{z (u)}™ = e emu Pe At (a, m (@u)! ...(6) 
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where Ar (x, m) is the coefficient of x? in the expansion of 


“Ss x*/k!)™ and satisfies the equation 
z=0 


] 
At (a, m) = At (a, m — 1) + Ati (%,m — 1) +... + eS At_au+1 
x (z, Mir 1). pel a) 
Using (6), we get (5) as 


(x-1)-m 
Ff (u | 8) = [all (ad) Er = 1) (Go) BAe (ay m) 8) 
{4 (m + 1) (ou**-1 9 — "S (kt) # (m + 5 + 1) (Oupttore-t, 9} 


(«—1)m 
+(Q) SZ At (a, m) d* 6 (m + 8) (6u)tt*-1, 9 
t=0 


(«~1)(™m1) « -1 
+(n—r)(Q) ZB Ar(am = 1) $(m + 3) B¥/kt) 


x (du)ttetk-1, 9] 
where 
d (m) = e-omu, 


Now, it is known that the estimate of @ is 
A Tr 
6= = xt) + (n — r) x(r ao) 
i=1 
where x(é) is the ith order statistics. 


A 
Then @ has the gamma distribution 


i (6 |a)=e wo (6 g)r-1 6/T (r). 


.. (10) 
If the prior for 6 is 
& (8) =e-% (6h)9-1T (g) (1/h) net 1) 
then we have 
f | 6) = e-** (9H)o-1 gir (G) (12) 
where 


H=h +9G=g+4+r, 
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From (8) and (12), one has 
A («—1)m 
Fu | 0) £(@| 6) = [aHO/P (2)  (G)\[(r — 1) (Qo) z Ceca) 
Ren ls} | 


{$0 (m + 1) (@u)t=-1, 96 — = (3*/k!) do (m + 3 + 1) (gu)tte+=-1, 96} 


(x-1)m 
+ (Q) z At (a, m) do (m + 8) 8% (gu)tt*-1,9¢ 
t= 


(x -1)(m-1)) a-1 
+ (n — r)(Q) tz LACE SiN aR (5*/k!) do (m + 8) 


x (9u)ttk +o 1 6°] 
where 
$0 (m) = e-8lHtmu), -«.(13a) 


From (13), we get the predictive distribution of the rth order statistics, X(r) =u 
as 


f(u| a= is (u | a) £(@| 6) do 


(«-1)m 


=|TOre F oa r (G) G — 1) (Q%) >) At («, m) 


t=0 


a-1 
Vtpa + Get al 
* FS (m + lpultt=*¢ SS ( k! 


k=0 








(o—1)m 


P(¢+k+a+G) uttte-l be (0) | >) At (2, m) 


[H + (m + 8 + l)ujPtFratea — 


(«—1)(m_1) 


bein — r)(Q) S At (a, m — 1) 


t=0 


8° P(t + «+G)utte-1 
TA + (mf ue 


y bk ) V(t +k +a + G) uttkte-1 ]. (14) 


k! (H + (m + dyujithrarG 
k=0 
Using (14), one can obtain the probability 


p(u > uo) = B for set 8. 
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Actually, if « = 1, we get from (14) 


Pp (u > wu) = al ( 3 1) (00) | ems Mice: ewan a ere 





(qq a)? } 


+ (2555") (pee aoe) ): 
...(14a 


Illustrative Example 


Following is a simulated sample of size 5 from a gamma population (with « = !), 
where 6 = 1/1000 in (1). 


11, 253, 276, 471, 548 ...(14b) 


A 
If r = 2 in (9), then from (14b), we have @ = 1123. 


Suppose g = h = 2, in(11), thenG = 4, H = 1125. Table I gives p (u > 100) for 
various values of 5 using (14). 











TABLE I 
8 0.5 1 2 3 
p(u 2 100) 0.6061 0.£197 0.3855 0.2962 
= 2 r= 1) 
p (u 2 100) 0.8356 0.7820 0.7042 0.6526 
(n = 3, r = 2) be 
From (14), we get 
(a-1)m 
[ymida = [ ] | « — 1) (Qo) >: At (x, m) 
t=0 


a1 
T(@+a) Sk N(¢+k+ 
oS 


trk: 
— (m + 8 + Lee 


+ (9) > me] ta; erm) 


(equation continued on p. 863) 
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(x-1)(m-1) aml 


+ (n — r) (Q) Sy At (a, m—1)> ( <r) 


t=() k= 


T(¢+ k+ <a) 
Ta oa pipers r ...(15) 


Also from (14), one has 


(«—1)m 
aHs T(G — s) 
Fag ae A — 1) (Mp) >: At (%, m) 


t=0 


a«—1 
SS Sa eS 
(m ae ])ttsto k! ie + 8 + ] )ttk rats 
t=0 


E (us) = 


(x-1)m 
+ (Q) { 3 At (a, m) 
t=0 


T(t + s+ a) & 
~~ (m_ + d)itete 


(x-1)(m-1) — (%-1) 
ta—n0 SY a> (& )eom-v 


t=(0 k=0 
Tr(it+k+s+ a) 
a re} |. ...(15a) 


(2a) Minimum (r = 1), xq) = v 


If r = 1, then we have from (14), the predictive distribution of the minimum, 
x(1) = ¥, [now, m = n — 1, and first term vanishes], as 


H i (x -1)(”-1) 
roid-[ rare ll & “er” 


(%_1)(n-2) 
5° T(t + a + G) vite-l 
con tee oS Tel nach Seca — | 
2 [H+(n+6— l)v]jfe7G + (n ) <— 


reat kA Gwe) 
x At (a, 16 GM cary »> | ie) Ga >= L)yjtrereG a 


k=0 
...(16) 


864 G. S. LINGAPPAIAH 
From (16), we have an identity using 


Pros) dg = | as, 











(x -1)(n—1) 
At (a, n — 1) Wwe e 
t=0 
(%—1)(n-2) — / 3k T(t+k +a) 
+S aen- 9 D(a) raed 
t=0 k=0 
= |, ...(16a) 
If r = 1, then (15a) (or from (16)) gives, 
a ROR we P(r +5 +2) 0 
= Fr) > At (%,n — 1) (n + 5 — letra 
(x~1)("~2) o~1 
ro-0 >) aaa > (5) ERED 
t=0 k=0 
...(16b) 
If « = 1, n = 2, (16b) gives 
Var v = GH2/(G — 1)2«G — 2) (8 + 1)2 Cle) 
and if « = 2,n = 2, then (16b) gives 
E(v) = H {2(1 + 82) + 63}/(G — 1) (3 + 1)3 
E (v?) = H? {6 + 682 + 243}(G — 1) (G — 2) (3 + 1)4. ...(17b) 
Table II gives the variance of x1) = v, using (17), (17a) and (17b). 
TABLE IL 
ta Sa er a 
“=] (0.0988) H? (0.0556) H2 | (0.008)? 
oe 2 (0.3468) H2 (0.2014) H2 (0.9868) H? 


(2b) Maximum (x(n) = w), r =n 


If r = n, we have the predictve distributi 
: ribution of the maximum w 
[now last term in (14) vanishes and m = J), as, mae 
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(x-1); 
“ . 
£19= [prey JL - »(9 ) a3 aC) 
o—1 
P(t + a+ G) wed Bk 
‘ { [A + wij + Dye > (ir) 
k + G) witk+o-1 (x-1)9 
D(t + «+k + G) witkte- 
“ TH+ G+ 8 + Dwlretere eft 2 
. S* I(t + a + G) white 
WDE EDF Wee 
where (a, ), (Q’) are (Qo) and (Q) respectively where r = n and (18) gives 
00 ; («-1); 
‘ . 
\s (w| @)dw =1= lay |le- 1)( 9% > At (0, /) 
0 = 
a-1 Sk r( k) (« -1)7 
[T(t + a) OF Eo wd ea \ Q’ 
a (a Gata Fett ©) 
k=0 t=0 
Ae BD (ta) 
A: (a, J) oe Ae (18a) 
But 
(x-1)7 
SUS oa .. (18b) 
aS At (a,j) Tr (x) G + ])tt#-1 l ( 
t=0 
and also. 
wa SLL > yl ...(18¢) 
a Yaa a 
j=0 Gehl) 
j=0 
— (n—2\ (— 1) 
i = ; 
Using (18b) for the first term of (18a), we get (n — 1) ey. ( j ie rap) which 


j=0 
is equal to 1. Hence (18a) now gives another identity, 
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n_9 («—1)J «—-1 , 
n—2 ; oF 
DS eae ay ( Me 1) At (a,/) ki 
n—-1 ( -1)3 
r(it+k+ a) ee ae =a} At (a, j) 
acialh Ah PW a a ER as G2? Fo ae ; ( Pets 
r(@)(j+ §+1) aN = 
Brel (fete) em 
* Te C+ ye * 
Now using (15a) with n = r or (18), we get 
n_2 (x-1)J 
EW) = Tere Lt YD ("Gla D ato 
j=0 t=-0 
a-] 
P(r +s +a) -> (4) P(t+ k +s + 4) 
a ADs ete k! (J. 3 Pol p sess 
k=0 
(~-1)3 38 r( ) 
. f+s+tu 
a x )(- > At («, J) . G Te S)ttsta 
j=0 t=0 
...(19a) 
From (19a), we have for « = 1, n = 2,G = 4, 
a pe 2 PES BL Lie 
Var W = Var x(n) = =| (2+ sx) a% (5 + ar | a es 
82 + ee 
x (So a 13 (9b) 
and if « = 2, = 2, (19a) gives 
= H z 252 + 65 + 2 
E(W) = (G —1) | (2 + i eu Oa la. ...(20) 
; H2 6 652 + 245 + 6 
LW?) =. Ee Ae 
W) - e—jesy | a) (S414 ] 
. ...(20a) 
Table III gives variance of x(n) = W, using (19b), (20), (20a). 
TABLE LIL 
Var (x)(n)! (G eit Met 16 ee 
$ 0.5 1 2 
aol (0.9136)? (0.3333)? (0.2284) H? 
a= 2 (2.2358) H~ 


(0.7848) #2 (0.5590) H? 


GAMMA POPULATION 867 


3. PRrepicTivE DisTRIBUTION (OUTLIER OF TyPE @ + 5) 
Now (4), looks like 


Ful 0 = [pes] = Da = 2 uy mrt 1 = zu 

+ 8)}} e 9 (gu)*"19 + {1 — z (6u)}"-1 {z (@u)}™-" ec (8t8)u 
Beng ero ye (ten ry (1-8 (0u)} oo {2 (on) ee 4 
x {z[u (8 + d)]} e-8™ (Ou)9-1 4] 21) 

= [a/T («)] [(r — 1) (Qo) {z (ou)}™ {1 — z [u (8 + 8)]} e-%™ (Gu) 16 
+ (Q) {z (ou)}™ e- @*8)u (9 + 5)* ue"I 
+ (n — r) (Q) {2 (gu)}™-1 {z [u (8 + 3)]} e-8™ (6,)*- 16] 

pata ie) 


(«—1)m 
= {a/T (a)] [(r — 1) (Qo) = At (a, m) {p (m ve 1) (@u)t+*-19 


— $(m + 2) (e-*) ss (i Va oT ) (euro 


k=0 s8=0 





(x—1)m a 
x ub 1} (Q) ES Ae(ay mo (m+ let E 
t= 8= 


(«-1)(™m-1) 
( a ) 5a-s ytr= gf gett +. (n = r) (Q) 7F (2 ee 1) 
7 {=9 
a -1 k 
¢ (m + 1) S Ss ( : e-5u (Sk-s/k!) (gu)tt*-1 u® gst], 


k=0 s8=0 
ial ee) 


From (12) and (22), we get the predictive distribution of the rth order statistics, as 
eo A A A 
Sfu\ af |e d=f wl 8) 
0 


(x -1)™ 
G utto-1P(t + % + G) 
=| erie ) | Kee 1) (Oo) S i lay Mm) a + m+ buy *re 
t=0 


(equation continued on p. 868) 
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iy nae en gee} 
7 Ds )( k! ) [H + (m + 2) ujttatste 














k=0 8=0 
(«—1)m ; % 7 §%-8 ytte-1(¢ + 5 + G) 
+@) DS acame S (4) ts ot Dar 
t-0 s=0 
(«-1)(m-1) k sins 
+ (2 —r) (Q) > At (2, EE a DS ie \= ) 
t=0 k=0 s=0 
re (t+s+G)e *u 
uttk 1 et Oe |: (23) 


Now, from Erdelyi et al.4, we have the hypergeometric function 





v (a, ¢; x) = r bs ha dt. ...(24) 

0 

Using (24) in (23) we have 
(x_1)m 
[raiba = [© = 1) Go) S) ae (am {a 
t=0 
k 
SS 
k=O 8-0 


rvemesgeests a) 
~ P(G)P(@) (mt 2 ee 


xo (t+ k+ek-s—GHI; a) 


m+ 2 
Ld Saws s Clee 
t=0 s=0 


Tit+a)"(G+14s) 
« (“Pera ornie) x 0(1 +o, 


Hd (x—1)(m -1) 
a+il—s—G; ari) t@—nia 
t=0 


(equation continued on p, 869) 
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«1 k 
k \SH )k-s 
A = + SR 
Five (1) \ 
k-0 s=0 
> (“es kK+a)T(tt+s+2+4+G) 
I (x) 1 (G) (m + 1)ttet= 
: ela TS Be Sgt = bs 
XU (tte tak tl 2 GT) |: 
rites) 
Now, again from Erdelyi et a/.4, one has 
v (a,c; x) = xl-¢ UJ(a — ec + 1,2 — c; x) .-.(26) 


first term in (25) is equal to | using (18b), (18c) and hence (25) looks like, using 
(26), 


ior) «-1)m oe: 
et ee) S aamS : Gal 
0 t=0 bath 40D 


y te [Pe+st+o+Q re +k +a) 
k! | te (a) r (G) m+ 2)itstx+G 





XY (t+sta4+G,s4+G41—k | 
+ (a) (Q) > 
t=0 s=0 


(H8)¢T(t+s4+G) (t+ «) 
I‘ (a) [ (G) (m + 1)6tstt |e (t+ 's.G, 


5 («-1)(m_1) 
H 

eee 4 Q 
ag ae i) t a(n r) ( ) 


cata S S(t) SP 


1 
k=0 8=0 


G+s+1—« 


o 
i] 
—) 








rey k torts | 
x ( I («) [ (G) (m + ] )etstetG 


Hs 
p(ttetetGGtits—k ay )t 


»+0(27) 
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4. COMMENTS 
1. In this paper, « is taken as a positive integer, which is not a serious restric- 
tion. Otherwise, coefficients At («, m) are not valid. 


2. Single outlier of type 65 or of type @ + 5 is dealt with. For the case of mul- 
tiple outliers, analysis will be more heavy. 


3. In both types of outlier cases, one has to have the tables of coefficients 
Ax(a, m) to find the probability p (uv > uo) and these can easily be generated from 
the relation (7). 


4. One can easily evaluate means and variances from (23) again similar to (14), 
in this case, using the hypergeometric functions. 


5. Though the expressions in the paper seem complex; on the computers, sums 
can be easily handled for any values of « and n. 
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ON THE FORMS OF n FOR WHICH 9 (n)| 2 — 1 


V. Stva RAMA PRASAD AND M. RANGAMMA 
Department of Mathematics, Osmania University, Hyderabad 500007 


(Received 19 December 1988) 


The forms of n for which » (n)|m — 1, where 9 (n) is the Euler totient 
function are obtained in this paper. 


$1. Let @ (n) denote the Euler totient function. It is obvious that 
g(n)|n— 1 aAla) 


if n isa prime. Lehmer2 asked whether there is any composite number n for which (1.1) 
holds. This unsolved problem, which is as deep as the odd perfect number problem, 
has several partial answers. To mention few, Lehmer? has proved that any such ”, 
if exists, is odd, squarefree and that if p, q are distinct prime factors of n then p = 1 
(mod q). More recently Cohen and Hagis! established that such n must have at least 
14 distinct prime factors, while the authors? have proved that certain types of com- 
posite numbers can not satisfy (1.1). For further details and analogues of the problem 
we refer to Subbarao and Prasad? and Prasad and Subbarao®. 


In this note we find the forms in which the composite 7 satisfying (1.1) should be, 
if exists (Theorem 2.1). 


§2. Inall that follows 1 denotes a composite number for which (1.1) is true so 
that, by the above paragraph we can write 


n = Pj P2 P3 «+. Pr me t2.1) 
where pi < po < ... < Pr are odd primes ; 
pt 2= 1 (mod ps) for i AJ; Bed ted | 


and if w (n) is the number of distinct prime factors of 7 then 


r=w(n)> /14. a CD) 
Let s denote the number of pi = — 1 (mod 3). Then we have s <rand the 
equality holds if and only if pp = —1 (mod 3) for | <i<r. Moreover if pi = 3 


then by (2.2), we haves = r — l. 


Theorem 2.1—Suppose n is as in (2.1) 
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(i) If px = 3 then n is of the form 214 32 m + 81921 or 214 32m + 131073 
according as s is even or odd. 
(ii) If py > 3 then n is of the form 214 3m + | or 214 3m + 65537 according as s is 
even or odd. 
Proor : Since @(n) = (pi — 1) (p2 — 1) ... (pr — 1) = O (mod 2°) we get, by 
(2.3) and (1.1), that 
n — 1 = O (mod 214). 2234) 
(i) Suppose pi = 3. Then by (2.2), ps = —1 (mod 3) for2 <i <rso that 
n|/3 = Po pg... Pr = (—1)* (mod 3) and therefore 
n = 9] + 3(— 1)8 for some integer /. Oe 
If s is even, (2.5) gives n = 9] + 3. and (2.4) shows that / satisfies the congruence 
9] + 2 =O (mod 214). That is, / = 9102 (mod 214), Writing ] = 214m + 9102, we 
getn = 214 32m + 81921 
If s is odd, (2.5) gives n = 9/ — 3 for some integer / and by (2.4), / must be such 
that 9/ =4(mod 214). That is ] = 14564 (mod 2!4) and hence n = 21432 m + 
131073 for some integer m. 
(ii) If py > 3 then, by (2.1), n = (— 1)* (mod 3). 
Now if s is even, then n = | (mod 3) which together with (2.4) implies n = 1 
(mod 2143), proving the first part of (ii). 


When s is odd, » = 3u — | for some integer vu, which must satisfy the congru- 
ence 3u = 2 (mod 214), by (2.4). That is u = 21846 (mod 214) and hence n = 
214. 3m + 65537 for some integer m. 


Theorem 2.2—Suppose n is as in (2.1) with pi > 3. 
(i) Ifs <r thenn is of the form 214 3m + 1. 


(ii) When s = r we have n is of the form 214 3m + 1 if and only if s is even. 


Proor : (i) If s < r then ps = 1 (mod 3) for at least one iso that g(n)= O 
(mod 3) and hence n = | (mod 3). This together with (2.4) proves the first part. 


(ii) Supposes = r. If s is even, then, by (2.1), » = 1 (mod 3) which combined with 
(2.4) shows that nis of the form 214 3m + 1. 


Conversely ifm = 2143m + | thenn = 1 (mod 3) and by (2.1), 2 =(— 1) 
(mod 3) so that (— 1)s = 1 (mod 3) proving s is even. 


Corollary 2.3—Suppose n is as in (2.1) wi i 
-1) with py > 3. Thenn is of the f 
214 3m + 65537 if and only if s = rand s is odd. ihe 


Proor : Follows from (ii) of Theorem 2.1 and 2.2. 
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Remark : Cohen and Hagis! have proved that n > 1020 while Subbarao and one 


wo 
of the authors5 showed that < (r — 1)” , where r = w(n). Henceif r is an 


3 r-1 
integer such that there is no m in the above forms with 1020 < m < (r — i. then 
w (n) > r, for n satisfying (1.1). 
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THE INJECTIVE HULL OF A MODULE WITH FGD 
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(Received 6 June 1988; after revision 27 December 1988) 


The concepts linearly independent and y-element are introduced and it is 
proved that if Ris a ring with unity, M is an unitary R-module, and R has 
finite Goldie dimension then a € Mis an u-element if and only if either 
(0: a) is an essential and E-irreducible submodule or (0 : a) is a maximal 
complement submodule of the R-module R. It is found that there exists a 
set consisting of some indecomposable injective R-modules such that the 
injective hull of every R-module with finite Goldie dimension is isemorphic 
with a direct sum of a finite number of elements from the set. 


INTRODUCTION - 


In Section 1 the concept ‘linearly independent’ in vector spaces is extended to 
modules. In this connection the concepts linearly independent, u-element, u-linearly 
independent and B-linearly independent are introduced and the relation between some 
of these concepts is observed. In Section 2 we obtain an equivalent condition for an 
element a € M to be an u-element. Section 3 concentrates on injective hulls and 
three results are obtained namely Theorems 3.1, 3.2 and 3.3. 


Throughout R denotes a ring (not necessarily commutative) and M a left R-module. 
‘K &s M’ means ‘K is a submodule of M’. As in Goldie4, Reddy and Satyanarayana® 
and Sharpe and Vamaos’, we shall use the following terminology. K <s M is called 
essential in M (or M is an essential extension of K) (denoted by K <e M) if 
K (\ A = (0) for any other submodule A of M, implies A = (0). M has finite Goldie 
dimension (abbr. FGD) if M does not contain a direct sum of an infinite number of 
non-zero submodules. Equivalently, M has FGD if for any strictly increasing sequence 
Ho C Hy C He C ... of submodules of M, there is an integer i such that for every 
k > i, Hk &e He,1. -M is uniform if every non-zero submodule of M is essential 
in M. Goldie has proved that in any module M with FGD, there exists non-zero 
uniform submodules Ui, | < i <n whose sum is direct and essential in Af. The 
number ‘n’ is independent of the uniform submodules. This number n is called the 
Goldie dimension of M and denoted by dim M. Furthermore, if A <s M and Kisa 
submodule of M maximal with respect to K () A = (QO), then we say that Kisa 
complement of A (or a complement in M or complement submodule in M) (denoted 
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by K €c M). K <c M is said to be a maximal complement submodule if (i) K + M; 
and (ii) K C LO M and Ll &c M, imply K = LorL =M. H<, Mis said to be 
irreducible if H = K (\ J, K <s MandJ/ <s M, imply H = KorH=J. H<sM 
is said to be E-irreducible if H = K(\ J, K <s M, J &s M and H «ce K, imply 
H= KorH=/J. Mis said to be indecomposable if M # (0) and the only direct 
summands of M are (0) and itself. The symbol ‘iff’ means ‘if and only if’. The 


; n 
direct sum of R-modules Ki, | Qi < nis denoted by @ Kt and the injective hull 
i=1 
of an R-module A is denoted by E(A). If Ki = K, 1 Gi <n then we write K(™) 


n 
for dl Ai. Throughout this paper the word ‘module’ means ‘module with FGD’. 


(a) and (X) denote the submodules generated by an element ‘a’ and a set ‘X” re- 
spectively. From Goldie4 we list the following results which are to be used frequently: 


Theorem 0.1—(a) (0) # K <s M implies K contains an uniform submodule. 


(b) (i) Ifk = dim Mand Us, 1 <i Sn are uniform submodules whose sum is 
direct then n < k. 


(ii) dim M = n iff there exist uniform submodules Ui, | < i € n whose sum is 
direct and essential in /. 


(c) Suppose Kt, | <i <n are submodules whose sum is direct and Li <s M, 


n 
1 <i <nsuch that Li C Ki then Lt <e Kt foreach 1 Qicniff @ Leis 
i=1 


nh 
essentialin @® Kz. 
{=] 


(d) For K <s M we have K <e M iff dim K = dim M. 
(e) (i) K<ec Mimplies dim (M/K) = dim M — dim K. 


(ii) If K is a maximal complement submodule of M then dim K = dim M — l. 


SECTION | 

In this section we list the usual results about a module with FGD in terms of 
linear independence of a set of elements. Most of the results are straight forward 
modifications of known results and the proofs will not be given in detail. We illustrate 
this in the proof of Result 1.2. The proofs for some results are omitted when they are 
easy. 

Definition 1.1—0 Fa € M, 1 <i <1, are said to be linearly independent if 
the sum of (at), 1 <i <nisdirect. If ae, 1 <i < nmarelinearly independent then 
the set {at/]1 <i < n}iscalled a linearly independent set in M. If X is not linearly 
independent we say it is linearly dependent. 
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Result 1,.1—If at, 1 < i <n are linearly independent elements then n < dim M. 


Proor : By Theorem 0.1 (a), there exist uniform submodules ERY ee Ey 


n 
such that Ui C (ai). Since ai, 1 < i < nare linearly independent the sum = (ai) is 
os . . 
direct and so = Ui is also a direct sum. By Theorem 0.1 (b) (i), we have n < dim M. 
i=1 


Result 1.2—dim M is equal to the least upper bound of the set A where 
= {n]‘n’ is a natural number and there exist at € M, 1 <i<n such that a, 
< i < mare linearly independent}. 


Proor : By Result 1.1, dim Mis an upper bound for A. Write k = dim M. 
Using Theorem 0.1 (b) (ii), it follows that k € A. , 


Result 1.3—If n = dim M and {ai/| < i < n} is a linearly independent set then 
each (ai) is an uniform submodule. 


Proor : Suppose there exist (0) B <s (ak), (0) # D &s (ak) such that 
B(\ D= (0) for some k, 1 Qk <n. Let0O4bE€EBandO0O+de€E D. Since 
(b) (\ (d) = (0), we have aj, ... ak-1, @k41, ... an, b,d are linearly independent, 
contradicting Result 1 2. 


Definitions 1.2—-0 A a E Miscalled an w-element if (a) is an uniform sub- 
module. The elements ai € M, 1 Gi<n are said to be uw-linearly independent 
elements if they are linearly independent and each at is an u-element. If ai © M, 
1 <i<n are uw-linearly independent, then the set Y = {ai/l1 < i <n} is called an 
u-linearly independent set. We say that a (u-)linearly independent set 
X = {ai!1 < i €n} in M is a maximal (u-) linearly independentset if X¥ U {b} is (u-)- 
linearly dependent for each b € M \, X (see P. 84 of Fuchs’). 


Note 1.1 : In view of Results 1.2 and 1.3, if dim M =n then for all linearly 
independent sets ¥ C M with |X|=n we have (i) ¥ is a maximal linearly 
independent set; (ii) X is an u-linearly independent set; and (iii) (0) # A<sM=>A 
contains an u-element (follows from Thecrem 0.1 (a)). 


Result 1.4 (i)—If bt, 1 Ci <nare linearly independent, then there exist u-ele- 
ments at € (bt), 1 < i $n such that at, 1 <i < nare u-linearly independent. (ii) If 
(0) A K <s M, then there exist an u-linearly independent set Y = {a/l<cicn 


n 
such that (Y) = 2® (at) is essential in K. Moreover, n = dim K. 


Proor : (i) follows from Note 1.1 (ili). 


If n = dim K then there exist uniform 
submodules Ui, 


1 <i <n whose sum is direct and essential in K. LetO~ati € U% 
for! <i<n. Now the result follows with X¥ = {at /1 <i <n}. 
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Result 1.5—dim M = n iff there exists a maximal u-linearly independent set S 
with | S| =n. 


PRooF : Proof follows from Theorem 0.1 (b) (ii) and the fact that a set 


n 
{ai /1 qicnC Mis maximally linearly independent iff @ (at) <e M. 
i=1 


Definition 1.3—A maximal u-linearly independent set Y - {a/l<ign}CmM 
is called a basis for M. 


Remark 1.1: IfS is the set of all u-elements of M then there exists 
{bt]1 < i < k} C S which forms a basis for M. Also k = dim M iff M has a basis 
containing k elements. 


Definitions 1.4—0 # a © M, | <i < mare said to be B-linearly dependent if 
there exist rs € R, 1 < i < n not all of them zero such that r} a1 + ... + rn an = 0. 
[fat, 1 < i Q mare not B-linearly dependent then they are said to be B-linearly 
independent. 


Result 1.6—If R is a ring with unity, M is an unitary R-module and at, 
1 <i < mare B-linearly independent then they are linearly independent. 


Definitions 1.4—a © M is said to be a torsion element of M if there exists 
0~rc€ Rsuchthatra = 0, We denote the set of all torsion elements of M by 
T(M). If T(M) = M(T(M)) = (0)) then Mis said to be a torsion (torsion-free) 
module. 


Result 1.7—If M is torsion-free then at, | <i <n are linearly independent 
implies they are B-linearly independent. 


Corollary—If M is a torsion-free module then at, | <i <n are uw-linearly 
independent iff they are B-linearly independent and each ai is an u-element. 


Definition 1.5—If S = {at € M/1 <i<n}thentheset Z(S) = {ry a1 +...+rnan/ 
re € Rfor | <i < n} is called the linear span of S. 


Note 1.2: Suppose S = {at € M/l (ic nj}. Then (i) L(S) <s M; (ii) if 
R is a ring with unity and M is an unitary R-module then LZ (S) = (S); and (iii) if S is 
a B-linearly independent set then every element in Z (S) has a unique representation 
as rj ay +... t+ rnanwith i © Rfor]1 Giga. 


Result 1.8—If R is a skew-field then ¥ = {a:]/1 < i < n} isa basis for M iff X 
is linearly independent and M = L (X). 


Remark 1.3: If Mis a vector space, the concepts ‘B-linearly independent’, 
‘u-linearly independent’ and ‘linearly independent’ are one and the same. In view of 
Result 1.8, our concept of ‘basis’ is the usual concept for a vector space. 
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Result 1.9—If K is a maximal complement then there exists an uniform sub- 
module U such that K () L = (0) and K + L Ge M. 


Proor : By Theorem 0.1 (e), dim K = dim M — | and by Theorem 0.1 (d), K 
is not essential in M. Therefore there exists (0) # L <s M such that Kn L= (0). 
By Exercise 2 (3), page 294 of Anderson and Fuller!, dim(K + Z) = dimK 
+ dim L > (dim M— 1) +1=dimM. This shows that K + L<eM. Now 
dim L = dim M — dim K= | imply Z is uniform. 


Result 1.10—If K is an essential and E-irreducible submodule of M then K is 
irreducible. 


Proor : Let / and J are two submodules of M properly containing K such that 
K=I1Q0 J. SinceK <e Mand KC1C Mwehave K €e J, a contradiction to the 
fact that K is E-irreducible. 


SECTION 2 


Notation 2.1—The set of all u-elements together with ‘0’ is denoted by S (MM). 
When we go through the following result, we will learn that in general, S (M) may 
not be a submodule of M. If x € M then the left ideal {r © R/rx = 0} is denoted 
by (0: x). Throughout this section R is a ring with unity and M is an unitary 
R-module. 


Result 2,.1—lf x,y are two u-elements in M satisfying Rx ( Ry = (0), 
(0: x) M (0: y) = (0) and (0: x) + (0: y) = Rthen x + yis not an u-element 


Proor : Write z = x + y. Since the sum Rx + Ry is direct and Rz = [(0: x) 
+ (0: y)}z = (0: x) y+ (0: y») x = Rx + Ry we have that z is not an u-element. 


Example 2.1—In Z¢ (the ring of integers modulo 6) the elements 2 and 3 are 
u-elements but by Result 2.1, their sum 5 is not an w-element. 


Thus, in general, 
S (M) need not be a submodule of M. 


Result 2.2—If M is torsion-free then S(M) <s M 


Proor : Let x,y € S(M). Suppose x # 0 and x — y+ 0. The isomorphism 


f: Rx > R(x — y); f (rx) = rx — ry shows that x — vy €S(M). One can easily 
shows that ra € S(M)forallr € Randae€é S (M). 


Result 2.3—If S (M) (1 T(M) = (0) and Uis an uniform submodule then U 
contains an isomorphic copy of R. Moreover R is an uniform R-module. 


Proor: Let O¥aeEé U. By the assumed condition, the epimorphism 


fiR —> Ra; f(r) = ra, is an isomorphism. Now R& Ra C U implies that R is an 
uniform R-module. 


Corollary—If S(M) (\ T(M) = 


(0) and dim M = nth . 
such that A = R(n). n then there exists A <e M 
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Lemma 2.1—(i) If J <s K then K/J is uniform iff J is irreducible. (ii) If 


a € M, then ‘a’ is an u-element iff (0 : a) is an irreducible submodule of the R-module 
R. 


Proor : (i) Routine. (ii) follows from (i) and the fact Ra = R/(0: a). 


Theorem 2.1—If R has FGD and a € M then ais an u-element iff either (0 : a) 
is an essential and E-irreducible submodule or (0: a) is a maximal complement sub- 
module of R. In this case 


dim ((0: a)) > dim R — 1. 


Proor : If ais an u-element then by Lemma 2.1, (0: a) is an irreducible sub- 
module and so (0: a) is an E-irreducible submodule of R. If (0: a) is not an essential 
submodule of R then there exists an uniform submodule K of R such that 
(0: a) \ K = (0). Let L bea maximal element in the set P = {Z/Z isa submodule 
of the R-module R such that Z D (0: a) and Z N K = (0)}. Clearly L is a comple- 
ment submodule in R. Weclaimthat L = (0: a). If not, we have two non-zero 
submodules L/(0: a) and (K + (0: a))/(0: a) whose intersection is zero, a contra- 
diction to the uniformity of R/(0: a) = Ra. Thus (0: a) is a complement submodule. 
Since K is uniform we have (0 : a) is a maximal complement submodule. 


Converse—Case (i) : If (0: a) is a maximal complement submodule, then by 
Theorem 0.1 (e), dim (R/(0 : a)) = dim R — dim (0: a) and dim (0: a) = dim R— 1. 
So dim (R/(0: a)) = 1. This implying Ra = R/(0: a) is an uniform R-module and 
hence ‘a’ is an u-element. 


Case (ii) : By Result | 10, (0, a) is an irreducible submodule and by Lemma 2.1, 
‘q’ is an u-element. Now it is clear that (i) if (0: a) is essential in R, then dim (0: a) 
= dim R > dim R — 1, and (ii) if (0: a) is a maximal complement in R, then 
dim (0: a) = dim R — 1, according to Theorem 0.1 (e). 


SECTION 3 


Lemma 3.1—If K is an injective module then the following conditions are 
equivalent: (i) K= E (U) for some uniform module U: (ii) K is an indecomposable 
injective module; (iii) dim K = 1; (iv) The submodule (0) of K is irreducible; and 
(v) The submodule (0) of K is E-irreducible. 


Although the next Lemma is well known (see p. 294 of Anderson and Fuller!) 
we give the proof as we will refer to the proof later. 


Lemma 3.2—n = dim M iff there exist indecomposable injective modules Kt, 


n 
1 <i <nsuch that E(M) = Ks 
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Proor : For necessity, since n = dim M, there exist uniform submodules Us, 
1 <i <n whose sum is direct and essential in M. Write Ki = E (Ui) for 1 <icn. 
Now by Lemma 3.1, each Ki is an indecomposable injective module and by Proposi- 


n n 
tion 2.23’, FS Ki = E( ® Ui). By Proposition 2.227, E ( @ Ui) = E(M) and so 
i=1 t=1 i= 
E(M) = Ki. Sufficiency follows readily. 
i=1 


Theorem 3.1—Suppose D7 is an isomorphism closed class of R-modules such 
that there exists an indecomposable injective K € DV; and if A, BE DH, then 
A+ BE€E QD. Then the following two conditions are equivalent: (i) A = B= dim A 
= dim B, for A, B © GF and (ii) AE DZ > A = K() for some n € N (in other 


n 
words, DF ={ @ Ki/Kt = K for 1 <i <n and n E€ N}). 
i=1 
Proor : (i) > (ii) : Let A © GF. Since dim A = dim E(A), we have A = E(A) 
and so A = E(A). By Lemma 3.2, there exist indecomposable injective modules Kt, 
n 
1 <i Sasuch that E(A) = @ Kt. Since each Ki is an indecomposable injective 
i=1 
module we have dim Ki = dim K and so Ki = K for each 7. Thus A & K(") and 


Pp 
hence we have (ii). (ii) > (i): Let A,B © GH. If dim A = dim B then A = B® Kt 
i=1 


qd 
and B = ae lj where Ki => K=J;for| <i< pandI <j< gq. Now by Lemma 
3.2, p = dim A = dim B = g and hence A = B. 
Theorem 3.2—Let R be a ring with unity and M an unitary R-module. If R has 
; n 
FGD, dim M = nand S(M) M T(M) = (0) then E(M) = @® Ki where Ki & E(R). 
i=] 
Proor : By Corollary of Result 2.3, there exists 4 Se M such that 4 = R(@), 


Let K = E(R). Then by Proposition 2.237, K() = E{R(®)) and so K(®) = E (A). 
Since E (A) > K(") there exist injective modules Kt, | <i < n such that Ki = K and 


n 
E (A) = ye Ki. Since A &e M by Proposition 2.247 we have E (M) = e Ki, 
i=1 


In Result 2.3 (Corollary) the R-module R is uniform. From this fact we can 
get the following Corollary: 


Corollary 1—If S(M) () T (M) 


= (0) then M can be embedded 
E (R)) where n = dim M and E (R) j ded essentially in 


S an indecomposable injective module. 


Corollary 2—If dim M = n and S(M) M T(M) = (0) then 
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{E (A)/(0) A A <s M} = { & At/Ki = E(R) for 1 <j €nandne N}. 


Lemma 3.4—if K is injective, U is uniform and U 1 K+ (0)then UC K. 
Proor : If Z = U() K then Z Ge Uand so UC EtG) = E(Z)G K. 


Consider X, the set of all u-elements in R and define an equivalence relation ‘~’ 
on X¥ as a ~ b < (a) (-) (b) # (0) for alla, b € Y. Suppose the disjoint equivalence 
classes are {St}ie7. Write Xi = Si U {0}. 


Lemma 3.5—For each i € J, Xi is an uniform submodule of R. 


Proor : Leta € Si and K = E((a)). Since (a) is uniform, Kis also uniform. 
x € Si implies (0) 4 (a) M (x) C KM (x) and by Lemma 3.4, we have (x) C K. 
Thus SiC K. Letr © Randx,y € St. Since rx, x — y © K we have either each 
of (rx) and (x — y) may be uniform orequal to (0). This implies rx,x — y € Xt. 
This shows that Xi is an uniform submodule of K. 


Lemma 3.6--(i) If Uis an uniform submodule of R then E(U) = E(X:) for 
somei € J. (ii) Each E (Xt) is indecomposable. (iii) If Rhas FGD and n = dim R 
then there exist Qf = {E(Xm,)/mi € I and 1 <i <n} such that j € / implies 
E (Xj) = E (Xm) forsome 1 <i<n. (iv) The number of the non-isomorphic 
indecomposable injective modules in O/ is < n. 


Proor : (i) If 0 ae€ U then a € S; for some j © J and hence E (Xj) 
= E((a))= E(U). (ii) follows from the fact that each Xi is uniform. (iii) By 
Lemma 3.2, there exist indecomposable injective modules Ki, 1 <i <n such that 


n 
E(R) = @® Ki and Ki = E(Ui) for some uniform submodule Ui of R. Thus 
{ai 


Ki = E(Ut) = E(Xj) for some j € J. Thus {Kt/]1 <i Gn} C {E(X)]j € I} and 
for each | <i <n there exists mt € J such that Ki = E(Xm,). Let j © J and 
consider Xj. By Lemma 3.5, Xj is uniform and following the proof of the second 
part of Lemma i.9 (a) of Chattars and Hajarnivas?, we can find uniform submodules 
At, 2 <i<nsuch that the sum Xj; + Ao + ... + An is direct and essential in R. 
Following the steps of the proof of Lemma 3.2, we get E(R) = E (Xj) © E (Ag) 
® ... ® E(An), and so by Corollary (p.69 of Sharpe and Vamaos’) we have 
that E (X;) = Ki for some 1 < i < n. Hence E (Xj) = E (Xm,). (iv) follows from (iii). 


Lemma 3.7—If R has FGD, U is an uniform module and 0 #a€ U such that 
(0: a) is a maximal complement submodule of R then E (U) = E (Xt) for some E (Xt) 
E€ W (cf. Lemma 3.6 iii). 


Proor : By Result 1.9, there exists an uniform submodule L of R such that 
(O:a)Q L=(O)and (0:2) 6 L&R. Write K = ((0: a) ® L)\(0: a). By the 
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main Theorem of Yenumula and Bhavanari®, we have that K <e R/(0: a). Since 
KL we have K is also uniform and so R/(0 : a) is uniform too. By Lemma 3.6, 
E(L) = E (Xt) for some E (Xi) € & and since K=>L we have E(K) & E(L). 
Since K <e R/(O: a) we have E (R/(O :a)) = E(L). Since Ra <eU and Ra = R/(0: a) 
we have E (U) = E(Ra) = E(L) SE (Xi). 


Write . = the set of all essential E-irreducible submodules of &. Define an 
equivalence relation ‘~’ on Vas: SH LE (R/S) = E (R/L) for all S, L € a 
Suppose the disjoint equivalence classes are {%}tes. For each 1 € J, select an 
element Hi € % and write Es = E (R/Hi). Since Hi is essential and &-irreducible 
by Result 1.10, Hi is irreducible and by Lemma 2.! (i), R/Hi is uniform. So each 
Fi is indecomposable. Since Hi’s are selected from distinct equivalence classes, by 
the definition of the equivalence relation, the elements of G = {Ei/i € J} are distinct 
non-isomorphic indecomposable injective modules. 


Lemma 3.8—Let U be an uniform module and a € U such that (0: a) is an 
essential and E-irreducible submodule of R. Then E (U) & Ei for some Ei € G. 


Proor: Since (0:a) € ¥ we have (0:a)€ ¥ for some i € J and so 
E(R|(0: a)) = E(R/Ht) = Es. Thus E(U) = E (Ra) = E(R{(0: a)) = &. 
Combining Lemma 3.7 and 3.8, we find : 


Corollary—If there is an uniform module U anda, b € U such that (0: a) isa 
maximal complement submodule and (0: 5) is an essential E-irreducible submodule of 
R, then E (Xi) = Ej for some E (Xt) U Q& and Ej} € &. 


Notation : We denote the set Q7 E€ G by &. 
Theorem 3.3—Let R be a ring with unity and M an unitary R-module. If R has 


n 
FGD and n = dim M then E(M) = @ Ki where each Ki = Li for some Lt € i. 
i-1 


Proor : By Lemma 3.2, there exist indecomposable injective modules At, 
n 
1 <i < nsuch that E(M) = A Ki. Fix i(i <i<n). If there is an element 


0 4 a€ Ki such that (0: a) is a maximal complement in R, then by Lemma 3.7, we 
have Ki = Li for some Li €C &C H. Otherwise, by Theorem 2.1, there exists 
0 +b € Ki such that (0: 5) is an essential E-irreducible submodule of R. In this 
case by Lemma 3.8, Ki = L forsomeL€ G©C AH. Thus foreachi(l <i <n) 
we have Ki = LforsomeLE &. 
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Let R be a commutative ring with identity 1 and let R’ be the total quotient 
ring of R. [tis well knownthat the complete integral closure Ro of R in 
R' is asubring of R’. However Ro is not necessarily itself completely in- 
tegrally closed. We denote by R(@) = Ro, RO) = (Ro)o = Roo and for posi- 
tive integer n?3, R(") = (R(*~!))o. As pointed out by Professor Silvio Greco, 
it will be quite interesting to find classes of rings Rfor which there exists 
an integer n A 1 such that R(") = R(™+!) and hence R(") = R(™) for all 
m?n. For Noetherian domain R, it is well known that RO) = R(2), In 
this paper we show that if R isa G-domain then R@) = R(*), i.e. Rog = 
Rooo (Note that there is a G-domain R for which Rl’) ~ R(*) i.e Ro ~ Roo). 


1. Awtmost INTEGRAL DEPENDENCE 

Let R be a commutative ring with identity 1. Let R’ be the total quotient ring of R. An 
element a € R’ is called almost integral over R if there exists a finitely generated 
submodule of the R-module R’ which contains all powers of a. The ring Ro of elements 
of R’ which are almost integral over Ris called the complete integral closure of 
Rin R’. If Ro = R, then & is called completely integrally closed. Some important 
results on complete integral closure have been proved by Gilmer and Heinzer2. The 
following theorem is useful for determining the complete integral closure of a ring. 


Theorem 1,1—(Larsen and McCarthy®, Theorem 4.20)—The complete integral 
closure of a ring R with total quotient ring R’ is 


cae [ x: x € R’ and there exists a regular element r € R 
such that rx” € RK forn = 0, 1, 2, ... 


It is well known that Ro is not necessarily completely integrally closed. (Larsen 
and McCarthy®, Ch. IV, Ex. 14). 


2. G-DOMAINS 


An integral domain R with quotient field K is called a G-domain if it satisfies 
one of the following equivalent conditions 


1. K isa finitely generated R-algebra 


2. K can be generated by one element as an R-algebra. 
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These rings were first introduced and studied independently by Goldman? and Krull5 
at the same time. Later Noetherian G-domains were studied by Artin and Tate. See 
also Kaplansky4, 1.3. 


It is shown (Singh) that there is a G-domain R such that Ro is not completely in- 
tegrally closed i. e. Ro 4 Roo. 


The following theorem shows that if R is G-domain then Roo is completely integrally 
ciosed. 


Theorem 2.2—If R is a G-domain, then Rooo = Roo. 
We prove this theorem in a series of lemmas. 


Lemma \|—Let R be a G-domain with quotient field K. If x € K be such that 
x* € Ro for some positive integer k, then x € Ro. 


Proor : Let K = R[w"1j. There exist positive integers ty fo, . , tk-1 such that 
x € uw Rfori = 1, 2, ...,k — 1. 


Put ¢ = max {f1, fo, ..., fe-1}. Therefore ut xi © Rfori = 1,2, ...,k —1. Since 
x* € Ro, there exists a non-zero element c in R such that c (x*)” © R forn = @, |, 2, 

Writing each positive integer mas m= kn + rwhere0O <r k — 1, we have 
(utc) x™ = (ufc). xkntr = (ut x") c(x*)® E R. RC R. Therefore x € Ro. 


Lemma 2—Let R bea G-domain with quotient field K and let K = R [u-1]. 
Let N = {x € K: x E€ wR forsome positive integer n} and T = {x € K:x NC N}. 
Then T is a subring of K containing R, and hence Roo C Too. 


Proor : First we observe that if R = K, then R = N = T = K and there is 
nothing to prove. Suppose R # K. In this case one can easily verify that ... 


fo) 
u2=RCuRC R Cul RCu?2R... and K= U u™ R. We now prove that N is an 


# F F a n=l 
R-submodule of K. It is clear that0 € Nand that x € N, a€ R implies ax € N. 
Now suppose x, y € N. We can find a positive integer n such that x"€u Rand y"EuR. 
Choose a positive integer k such that x, x2, ... x1, y, y?, ..., wm TE u-k R. Now 
every positive integer m can be written asm = qn +r whereO crcn— Il, There- 
fore x™ = (x")a, x" © (uR)Vu-* R Cu **1 R, Similarly y” € u-**! R. Take m9 =2kn. 
For j > no, writing j/ = tno + s where 0 < s & 1m — 1, we have x4 = (xm)2*t xs © 
(u2*t R) (u-*+1 R) C u® Rand yi € u* R. Therefore (x + y)2". O _ x xwWeEe x 


*j=2n 
(u-**1 R) (uk R) C u Rand hencex + yE N. : 
Now since N is an R-submodule of K, it is clear that T is a subring of K containing R. 
Lemma 3—Let R be a G-domain with quotient field K and let 7 be as defined 
in Lemma 2; Then T C Roo. 


Proor : Letx € 7. Note thatu#0, ue N_ By definition of 7, we have 
xu € N. and so there exists a positive integer n such that (xu)"” CuRC RC Ro. 
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Using Lemma 1, we have xu € Ro. Since x € Timplies x" € T for every positive 
integer n, by the same argument we get ux" € Ro forn = 0, |, 2, ... and hence x € 
Roo. Since x was an arbitrary element of 7, we get T C Roo. 


Lemma 4—Let R be a G-domain with quotient field K and T be subring of K as 
defined in Lemma 2; then T is completely integrally closed. In particular T = 700. 


Proor : Let x € To. There exists a non-zero element c in 7 such that cx™ € T 
forn = 0, 1,2, .... Since K = R [u~1] there exists a positive integer k such that c-! 
€ u-* R. Choose an arbitrary element y in N and fix it. There exists a positive in- 
teger f such that »¢ € wR; therefor 340+) € uk*1 R and hence c-13*(**1) € uRC N; 
and since cx” € 7, this implies x")(**1) © N forn = 0,1, 2, ... 


Taking n = 1(k + 1) we get that (xy)*(**1) € Nand hence xy € N. Since y was an 
arbitrary element of N, we getthatx € T. Therefore To C T, i.e Tis completely 
integrally closed. 


Proof of Theorem 2.2—By Lemma 2 and Lemma 4, Roo € T. Using Lemma 3, 
we get that Roo = T. Now using Lemma 4 again, we get Rooo = Roo, i.e Roo is 
completely integrally closed. 
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The purpose of the present paper is to unify the almost contact Finsler 
structure? and almost para contact Finsler structure!’ on a differentiable 


manifold M, and to determine all Finsler connections compatible with the 
unified structure. 


1. INTRODUCTION 


Let M be an n-dimensional C™ -differentiable manifold equipped with a Finsler 
connection FT = (F, N, C) in the sense of Matsumoto’. Then the /- and v-covariant 
derivatives of a Finsler tensor field K of type (1.1) is given below : 


i ix { pm m pt } 

Kyyz OK, [0X6 + Fue Ky — Foy Brn | 

c 

4 $ t m m zt 
Kin = OK, /oy* + CL, K, -— Cy 5 | om dil) 


where 


B/3x# = ofaxk — Ni, (é/ay*). 


If FY = (F, N, C) and FT = (F, NV, C) are two Finsler connections on M, 
then the transformation from FT to FT’ is given by: 


) 
Ni = Ni A, | 
| 
t é t h t 
Faye Fut Cy 4p 7 Pp f 
| 
i i i | 
Cie = Cpe — Opn J ...(1.2) 


where A, B, D are the difference tensor fields4. 


2. Atmost Unirigp CONTACT FINSLER STRUCTURES 


An almost unified contact Finsler structure on M of odd dimension is defined by 
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a triad (¢, y, &) of a Finsler tensor field ¢ (x, ») of type (1,1), a /-form (x, y) and 
a vector field & (x, y) satisfying the following conditions : 


) 
sop =u {as — ue bs rank (#7 )=n-1 | 
¢; Na = 0 | 
@ py 
6, FF = | 
Na (&%) = | J 


me 
where p» is some non-zero constant. 


Remark : When » = + 1, the structure (¢, y, &) defined above becomes an al- 
most para-contact structure on M and when » = — |, it becomes an almost contact 
Finsler structure on M. 


Analogous to Obata operators®, we have, 


0= 120 @1 + In @ oy) 
| 
0 = 1/21 @/ — In @ 9) ; 
: . 
Q2= 1/2(7n @ES@lI+1@n@SE—n@WE Sy @E)) --.(2 2) 
where / is the identity operator. 
The operators act, for example, in the following way: 
k kh k kh 4 
©. ns = %5- tam (0, on), = 0%; a Pa 


where ¢ is an arbitrary Finsler tensor field of type (1, 2). They satisfy the following 
relations. 


> 


(a2) 0+0=/@/;0.0=0.0=0.2=92 0 
1/7 ee | 2 2 


vo 


=0Q2=0.0 =0.0 = Q/2 
1 1 
b) (0 2) (0 — = (0 — me 
(b) (0 Ss )(C ) o Q) o + Q) = 0.0. bate) 


If we put Q = — Q and O = ? + ©, then (2.4b) becomes 


A 
“ 


aA. 


-9=0.2 =0.0 
1 Le 
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Lemma 2.1—A system of tensor equations Q X¥ = Awith X as unknowns has 
2 


solutions if and only if O A= 0. Then the general solution of QO. X = A is, 


X¥=-A+Q°Y 
1 


where Y is an arbitrary Finsler tensor field of the same type as that of X. 


3. FINSLER CONNECTIONS COMPATIBLE WITH ALMOST UNIFIED CONTACT FINSLER 
STRUCTURE 
Definition 3.1—A Finsler connection FT = (F, N, C) is called an almost uni- 
fied contact Finsler connection relative to (¢, », &) if: 


i t 
$i, = by, = 9, nile = 0, mele = 0 


i i 
See ee mosh) 


It can be shown that for any almost unified contact Finsler connection the 
operators 0, 0, Q, Q andQ are h- and v-covariant constants. 
I AR Cees 


0 DY Ogio 
Giving a Finsler connection F T = (F, N, C) on M, any Finsler connection 


FY = (Ff, N, C) on M can be expressed in terms of the difference tensors X ; ; Be 


i 
and Dy, as‘: 


{ 0% i 7 
N; mV, As | 
| 
i A m4 m i 
Fy Fy t+ Ci X — By f 
| A352) 
‘ al 4 
Cie = Op — Dy. } 


In order that FI’ = (F, N, C) be an almost unified contact Finsler connection, 
we obtain by Lemma (2.1) as: 


0 0 
By = 1/2 {- et (1 nh Bet El xe + nj Ie 


0 40 
+ nfo Xe ) + 2 (Bye t fia Xe 


0 0 a th 
+ In $; (oh et dna X )} +905 Yas 
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0 
Diy, = 1/2 i & ( mth Bie +1) °.) 


0 0 
+2 e rt Iu $, rie | 7 
th a 
7 Qaj Zik 
where Y and Z are arbitrary Finsler tensor field of type (1,2) (cf. Miron and 
Hashiguchi®). 


Consequently, we have, 


Theorem 3.1—The general family of the almost unified contact Finsler connec- 
tions FT = (F, N C) relative to an almost unified contact Finsler structure (¢, y, ©) is 
given by : 


‘ Of i 
(a) N, = N, waar, 


0 0; : 0 
) Fi = Fy t Ch XE — 12]— Boum elk 


10 
+ Ba XE tafe + wi aXe | 
0 0 
+2 ( eye tea Xe ) 
PMC eect recall ote 
PP, Ph|k Ph 1 a k 0. hk 
‘ % 20 0 
(c) Cx a 1/2 | — (ns m0 gy ait) 
jk 


0 0 
+ 2nj & pet Ip b, th :} — On; ioe oa FB) 


: ‘ ‘ 
Particularly by putting Xx, ea 0. Vin == O and Ze = 0 in (3.3), we have, 


. . . a. 0 0 
Theorem 3.2—If the initial Finsler connection is FT = (F, N, C) then the 
following Finsler connection 


(a) ni hs 
a N, 
(b) re % : 20 
j 


49 o> 
+2 nb) + In $5 bn jaf 
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0) 0 
(©) Cy = Cy —12f- F(a me”, + ny Pr) 


40 h 49 
+2078) + Iln o; oh ef ...(3.4) 


is an almost unified contact Finsler connection 


k k ok k 
Definition 3.2--The Finsler connection FT = (F, N, C) given by (3.4) is called 


0 0 0 
the almost unified Kawaguchi connection derived from FT’ = (FN. @), 


m ™m m 


™ 
Now, let Fl = (F, N, C) be the Matsumoto connection then, 


m4 o¢ mi of = 
N; = Ny Fp = ON,, [ays Ci, = C ix i 


0 0 0 0 
Replacing the initial Finsler connection FT’ = (F, N, C) by the Matsumoto connec- 


qa 
tion in (3.4), we get an almost unified contact Finsler connection denoted by FT = 
.7 4 
(F, N, C) called an almost unified canonical contact Finsler connection. 


0 0 0 0 
Theorm 3.3—If we replace the initial Finsler connection FT = (F, N, C) by an 
almost unified contact Finsler connections FT = (F, N, C) then the general family 


of the almost unified contact Finsler connection FI = (F, NV, C) is given by: 


t t i 
N; mage 
t t t a th a 
F 2 Pix 2 Cra x, Qa Vuk 
t t th a : 
om Se ee a sco) 


The Finsler connections having the non-linear connection VN common is denoted 
by FI (N). 


Theorem 3.4—The family of the almost unified contact Finsler connections 


F I'(N) is given by : 
(a) Nt = N 
4 a 
(b) Bg as Fix a 9 Quy Vix 


aR 
(c) Cz a Ci is Qu Zu 
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where Y and Z are arbitrary Finsler tensor fields of type (1, 2). 


We notice that (3.6) determine the transformation F (N) > Fr (N) of the al- 
most unified contact Finsler connections having a common non-linear connection N. 


Theorem 3.8—The set of all transformations of the almost unified contact 
Finsler connections given by (3.6) is an abelian group with respect to the product of 
mapping and which is isomorphic to the additive group of the pairs of the Finsler ten- 
sor fields (Q. He Q. VAY 
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We call the matrix A = (a,,) F-regular if it transforms F into F and f-lim 
A(x) = f-lim x for ail x belonging to F where F denotes the set of all almost 
convergent sequences. We write A ~ A’ to denote that the F-regular matrices 
Aand A’ are F-absolutely equivalent for all bounded sequences. In the pre- 
sent paper we show that AB~ A’ B’ if A, A’, B, B’ are F-regular and if A 
~ A’ and B~ B (where AB denotes the composition product). We also 
show that an Fregular matrix is always F-absolvtely translative for all 
bounded sequences. 


1. INTRODUCTION 
Let /,. and c be the Banach spaces of bounded and convergent sequences with 
the usual supremum norm. 


Let A = (ank) be an infinite matrix and x = (xr) be sequence with complex 
terms. if the sequence 


(An (x)) = (s Qnk Xk) 
k=0 


exists (i. e. the series on the right hand side converges for each n)then the sequence 
A (x) = (An (x)) is called the A-transform of x = (xk). The matrix A = (ank) is said 
to be regular if the A-transform of x is convergent to the limit of x for each x € c. 
The regularity conditions of A are well knownl, 


It is shown in Lorentz® that a sequence x = (xn) E [Io is almost convegent to s 
if and only if 


qg 


lim 2 SS. Xn,t = Ss, uniformly in 7. th. 
q 4 + 1 S 
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We write f-lim x = s whenever(1) holds. By F we denote the linear space of all 
almost convergent sequences. It is called that a sequence x is almost A-summable to 
L if f-lim A (x) = L. 


We call the matrix A = (dank) is F-reqular if it transforms F into F and f-lim 
A (x) = f-lim x foreach x € F. The following theorem gives the necessary and suf- 
ficient conditions for a matrix to be F-regular. 


Theorem 1.1—A matrix A = (ank) is F-regular if and only if 
(i) supn Lk | ank | < co 
(ii) f-lim ank = 0 for each k 
(iii) f-lim De ank = | 


qd 


oo 
(iv, lim SS + ic | Dy (Gn41,k — Anyt,e41) | = 0 


k=0 i=0 
uniformly in n (Duran2). 


Throughout the paper, the sums will be taken from k = 0 tok = oo. 


2. F-ABSOLUTE EQUIVALENCE OF SUMMABILITY METHODS 


Concerning with the F-absolute equivalence of F-regular summability methods 
we have the following definition : 


Definition 2.1—Let A = (ank) and B = (bnk) be two F-regular matrices and 
x = (xk) be a sequence for which 


‘ 


z= Lk dnk Xk and z* = Le bnk xk 


exist. 


Then A and B are said to be F- 


absolutely equivalent for a given class of sequences 
(xx) if 


fim ( 2 ee )=0 


i.e. either { 2 ) and les ) both almost converge to the same value, or else 


neither of them almost converges but their difference almost converges to zero4, 


The following theorem is known. 
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Theorem 2.2—Let A and B be two F-regular matrices. Then A and Bare F- 
absolutely equivalent for all bounded sequences if and only if 


Q 


io @) 
w Sa Dew 
l+q (An ,4,k - nst,k) | =) 


k=0 i=0 


uniformly in n (Orhan‘). 


3. F-ABSOLUTE EQUIVALENCE OF COMPOSITION Propucts (AB) AND (BA) 
The composition products (AB) and (BA) are respectively given by 


co co co co 
va= = ( ank bep) zp = SS XZ ank bkp zp aa) 
p=0 k=0 p=0 k=-0 
and 
co co co (oa) 
re = Ss ES: bnk akp ) Zp = S > bnk akp Zp. od ES 
p=-0 k=0 p=0 k=0 


If A, B are F-regular and (zp) is bounded then, by Theorem 1.1, the double sums 
in (2) is absolutely convergent, so that inversion in the order of summation is justified 
and therefore 


co co oo co 
> zp S ank bep = ZX ank ZX DHkp Zp 
p70 k=0 k=0 p~0 


for all n; in other words 
(A B)z == A (Bz). .+.(4) 


That is to say the result of transforming the sequence z by the product AB is the 
same as transforming z by the matrix B and then transforming the result by the 
matrix A. 


It is known that (AB) and (BA) are absolutely equivalent for all bounded seque- 
neces if the T-matrices A and Bare absolutely equivalent for all bounded sequences 
(Cookel, p. 133) 


We may ask whether (AB) and (BA) are F-absolutely equivalent for all bounded 
sequences provided that the F-regular matrices A and B are F-absolutely equivalent 
for all bounded sequence. In fact we have more than we need (see Theorem 3.1 


below) 
In what follows we write 


A~A’ 
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to denote that the F-regular matrices A and A’ are F-absolutely equivalent for all 
bounded sequences. 
Theorem 3.1—If A, A’, B, B’ are F-regular matrices and if 
A~ A’and B~ B' 
then 
AB ~ A’B. 
Proor : It is enough to prove that if A, A’, C are F-regular andif A ~ 4A’, 
then 
AC~ A'C (5) 
and 
CA ~ CA’. ..(6) 


For applying (5) with C = B we get AB ~ A’ B, applying (6) with A, A’ replaced by 
B, B' and C replaced by A’, we get A’ B ~ A’ B’, and the result follows. 


To prove (5), let z be any bounded sequence. Since C satisfies (i) of Theorem 
1.1, Cz is also bounded. Hence, by the definition of assertion that A ~ A’, it follows 
that 


flim {(A (Cz))n — (A’ (Cz))n} = 0. 
By (4), this gives that 
f-lim { ((AC) z)n — ((A’ C) z)n} = 0 
and, since this holds for any bounded z, (5) holds. 
For (6), let z be any bounded sequence. Then (again by definition) 
f-lim {(Az)n — (A’ z)n} = 0. 
Since C is F-regular, it follows that 
f-lim {[C (Az — A’ z)n]} = 0. 
Using (4), we get that 
f-lim {((CA) z]n —- [(AA') z]n} = 0 


and the result follows. 


4. F-ABSOLUTE TRANSLATIVE MATRICES 


Let z = (zk) be a sequence. We define the Sequence w = (uk) by we = zk-_}, 
(where we take z-1 = 0). As known, the convergence of (zk) implies the convergence 
of (wx) (to the same value) and conversely. A similar result also holds for almost con- 
vergent sequences. We may expect that, if z is A-summable to s then w is A-summable 
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to sand conversely. But this is not necessarily the case (see Cookel, p.p. 113-19 and 


Powell®, p. 42). To discuss the corresponding problem for the almost summaility we 
first need : 


Definition 4.1—Let A bean F-regular matrix. We say that A is F-absolutely 
translative for bounded sequences if, for all bounded (zn), (zn — zn-1) is almost A- 
summable to zero; that is to say that (un) is almost convergent to zero, where 


co 


ln = Z nk (zk — zk_1). aC ea 
k=0 


While this is the natural definition, we can deduce an alternative from which is more 
convenient for applications. We have 


m m-} 
2 Qnk (zk — zk-1) = X% (ank — an,k,1) zk + Qnm zm. la) 
=0 k=0 


If A is F-regular then it follows from (i) of Theorem 1.1 that, for fixed n, anm — 0 as 
m-> coc, Hence if (zm) is bounded, then anm zm > 0. Thus letting m — co in (8), 
we see that (7) may be written as 


20 
un = Y (ank — Qn,ks1) 2k ooe(9) 
k=0 


Our final result is an analogue of Theorem 5.6. iv in Cooke! (p. 119). 


Theorem 4.2--Let A be an F-regular matrix. Then A is always F-absolutely 
translative for all bounded sequences (zx). 


Proor : If | ze | < M (for all x), then 





q oo q 
l 
> Un4t | = | SS —_—> (An4t,k — an,4,k41) Zk | 
: ss i=0 k=0 q i=0 





ee) q 
<M ND a i >; (anyt,k — An,t,k,1) | +90 


k=0 


as q > ©° uniformly in 7, by (iv) of Theorem 1.1, whence the result. 


Finally the authours are grateful to the referee for his kind remarks and sug- 
gestions which improved the presentation of the paper. 
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GROWTH OF COMPOSITE INTEGRAL FUNCTIONS 
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Inthe present paper we study some growth properties of log T(r, fg) 
relative to T(r, f) and T (r, g) for integral functions f (z) and g (z). 


1. INTRODUCTION AND DEFINITIONS 


Let f(z) and g (z) be two integral functions. We suppose that T(r, f), M (r,t), 
Ni(r,a,f), &(a,f), 3 (a, (z), f), logt x etc. bear their usual meanings in the Nevan- 
linna theory of meromorphic functions (cf. Hayman?). Clunie! (see also Singh”) studied 
the comparative growths of T(r, fg) with T(r, f) and 7 (/, g); he showed for trans- 


cendental integral functions / (z) and g (z) that lim pa eR) ee Ewald “iin 
r7o ate. PP p-> oo 
T (r, g) = : ingh? proved some comparative growth properties of log T (r,fg 


and T(r, f); also he raised the question of investigating the comparative growth of 
log 7 (r, f g) and T (r, g) which he was unable to solve. In the present paper we prove 
a few theorems on the comparative growths of log T (r,fg) with 7 (r, f/) and, as well 
as, with T(r, g). Throughout the paper we denote by f (z) and g(z) two integral 
functions with orders (lower orders) Pr (Ar) and Pg (Ag) respectively. 


Definition 1\—The number 4g is said to be the hyper lower order of g (z) if and 
only if 


- PAM log log log M (r, g) 
Ag = lim inf§$ ————— 
eS hei ak ce log r 


It is clear that Xe < Ag. 


Definition—2®—A function Pg (r) is called a proximate order of g (z) relative to 


T (r, g) if and only if (i) Pg (r) is real, continuous and piecewise a ae i 
i : eval. r, g 
r>ro, (ii) lim Pg (r) = Po, (iii) lim rlogr P’ (r) = 9, (iv) lim sup ——3G)— 
Y roo roo g roo r g 
= | 
pat hes ’ ; : 
Proposition 1—For 5 > 0 the functionr’ 97 1s ultimately an increasing 


function of r. 


* Present Address : Department of Mathematics, Visva-Bharati University, West Bengal 731235. 
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For, 
d Bie i 


re = {Pg +3 —Pg(r) —rlogr P) (r)} 





f +5—-1-¢6 (r)} 
rg g 


for all sufficiently large values of r. 


2. THEOREMS AND LEMMAS 
log DE a ahich 


Singh’ proved a theorem on the estimation of nasi ~=Ttfh oe 


after modification by Zhou® takes the following form. 
Theorem 1\—Let/f (z) and g(z) be integral functions of finite orders such that ¢ 


(0) = O and Pg < Ay < Py. Then be Saat = 0. 


Here we remark that for the truth of the above theorem the hypothesis g (0) = 0 
is not essential. In the following we prove a comparative growth property of 
log T (r, fg) and T (r, f ) under some weaker hypotheses. 

Theorem 2—Let f(z) and g (z) be two nonconstant integral functions such that 


Ne <p <ofy.c co; Then lim inf ees en 
sions Hieyetiicale 


ProoF: To prove the theorem we need the following lemma. 


Lemma | (Theorem |, Niino and Suitat)—Let f (z) and g (z) be integral functions. 
If M (r, g)> ares 


€ 





| g (0) | for any « > 0, then we have 


T(r, fg) <(1 + —) T(M(r, 2), f). 
In particular if g (0) = 0, then T (r, fg) < T(M (r, gz), f) for allr > 0. 


Proof of the Theorem—In the present case for e = 1 and for all large values of 


2+ 1 : 
r we see that M (r, g) > =k; Tis |g (0)|. So we obtain from Lemma | that for all 
large values of r 
T (r, f 8) & 2T (M(r, g), f). aa) 
Since 4g < As, we can choose € (> 0) such that Ag +¢€ < Art —e. Also for all large 


A =¢€]2 


p té« 
values of r, rv <T(r,f)<rf and fora sequence of values ofr tending to 


‘ ; A t+« 
infinitylog M(r,g)<rg , 
Now from (1) we get for all large values of r 


T(r, fg) < 2T(M(r, 8), f) <2{M(r, gf 
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and so for all large values of r 
log T(r, fg) < log 2 + (pr + €) log M (r, g). 


Now for a sequence of values of r tending to infinity we get 
: A +« 
log T (r,fg) <log 2+ (pr +e) ro 


A -« 
<log2+(Prt+e)r’. 


So for a sequence of values of r tending to infinity we obtain 








log T (r, fg) log 2 Pr+e tee: 
Ter fy ae A + 7 and hence aay 
log T(r, f8) _ o 
ae tr,3f) ; 


This proves the theorem. 
Singh’ proved the following theorem. 


Theorem 3—Let f (z) and g (z) be integral functions of finite orders with Pg > Py. 
log T(r, f 2) 
Then lim sup —= = oo 
the ly i A 
The analysis of the proof of Theorem 3 shows that the theorem is true, in general, 
only if Ar > 0, which assumption is not explicitly stated in the theorem. The follow- 
ing example also strengthens this comment. 


Example I— Let f (z) = z and g (z) = e*. Then Pr = Ay = O and fg = i 
Pr < Pg. Also fg (z) = e* and hence log T(r, fg) = logr + O(1), T(r, f) = 


r,forr > 1. Therefore de eee 


so 
= 1 which iscontrary to Theorem % 

In the following theorem we see that the conclusion of Theorem 3 can also be 
drawn even under somewhat relaxed hypotheses. 


Theorem 4—Let / (z) and g (z) be two integral functions such that 


: log T(r, fg) 
0 < Af < Ag < ce Thenlim sup —- > = © 
a ! net ‘th tee B, 


Proor : We know that for r > 0 (Niino and Yang®) 
pA SE 4 Pe: log M1 m( > —,Z ) + o0(l), ae riCZ) 


Since As and Ag are the lower orders of f (z) and g (z) respectively, for givene(Q < € 
< Ar) and for all large values of r we get log M(r,f) > r f and log M(r, g) 
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> pe So from (2) we get for all large values of r 
AK 
T (r, fg) A> S{S M(r/4,g) + o(1)} 7 
A =8 
2 4{d M (r/4, g)} 7 
which gives for all large values of r 
log T(r, fg) > O(1) + (Ar — «) log M (r/4, g) 


> O(1)+ Ar—- 9 (r/4) "0 ‘ Ae) 


Also since lim inf oe f (rf) 
row gr 





= Af, it follows that for a sequence of values of 


A +6« 
r tending to infinity 7(r,f) < r/ ° Hencefor a sequence of values of r tending to 
infinity we obtain from (3) that 


log T(r, f g) O (1) Sines 
eI ao wash ee ee eee 


; P fig fo 
which gives lim sup a ae = co because we can choose e (0 < € < As) such 
roo : > 


that Ay + € < Ag — «, This proves the theorem. 


Now the following three theorems give estimations of the growth of the ratio 


log T(r, ; 
ese. under different circumstances, as r tends to infinity. 


Theorem 5—Let f (z) and g (z) be two nonconstant integral functions such that 
Pr and Pg are finite. Then 


im int 108 7 (r,f8) / 
ret T(r, 8) <S 3. Pr.2 9. 


Proor : It is well known that Hayman?, p. 18. 


T(r, f) < logt M(r, f) € 3 T (27, f) (4) 


where r > Oand f (z) isan integral function. Also we know for integral functions 
J (z) and g (z) that for r > 0 (cf. Niino and Suita‘) 


log M (r, fg) < log M (M (r, g), f). -G) 


Since f (z) and g (z) are nonconstant and Ps is the order of 


J (z), we get for all large r 
and given « (> 0) that 


T (r, fg) < log M (M (r, 2), f) < {M (r, pine: 
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So for all large r 


log T(r, fg) & (Pr + €) log M (r, g) ...(6) 
and hence 

ee log T(r, f g) ; log M 

| og M (r, g) 

eae es oe 


Since ¢ (> 0) is arbitraty, it follows that 


lim inf log T(r, fg) < Pr lim inf log M (r, 8) 


CHEM T (r. g) re T (r, g) ---(7) 


Let Py (r) be a proximate order of g (z) relative to T(r,g). Since lim sup 
roo 


T (r, g) 
ep (7) 
rg 





= |, it follows that for all large values of r and for given «(0 < «<1) T(r,g) 


P (r) 
<(1+er9 . From (4) we get, on Sa eens of f by g, for all large values 
ep (2r 
of r, log M (r, g) < 3T (2r,g) < 3 (IL + e) (2r)% — and so for all large values of r 


2r) &g+F 
log M(r,g) << 3(1 + ee where 5 (> 0) is arbitrary. 


2r)9 


; e+s-e (r) . ; : : p 
Since r2 9% is ultimately an increasing function of r, it follows that for all large r 


+8) r) (r) 
Cone. a 


log M(r,g) < 3(1 + 20 (8) 


Again since lim sup Tee = |, for a sequence of values of r tending to infinity 
r7>o 


we abtain 


T(r,g)> U- 98 al (9) 


From (8) and (9) we get for a sequence of values of r tending to infinity 





p +6 
log M (r, g) < 3 —< 29 T(r,8) 
e +5 
eetetin ingest <3 L+e 4%" since 3(>0) and«(<«< 
rao T(r, g) B— 


1) are arbitary, it follows that 


Aa log M (r, g) m ’ 
: < 3.29. ...(10) 
ca. U8) : 


Theorem follows from (7) and (10). This proves the theorem. 
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Theorem 6—Let/ (z) and g (z) be two nonconstant integral functions such that 
Ps and Ag are finite. Also suppose that there exist integral functions ai (z)) (i=1,2..., 
n,n S ce) such that (i) T (r, at (z)) = 0 {T (r, g)} asr > c© fori = 1, 2, ...,n and 


(ii) & 8 (at (z),g)= 1. Then 
i=-1 


lim sup - anes g) q& 7. Py. 
roe ’ 


Proor : To prove the theorem we require the following lemma. 


Lemma 2°—Let g (z) be an integral function with Ag < oo, and assume that ai(z) 
(i = 1,2, ...,m; < co) are entire functions satisfying T(r, ai (z)) = o {T (r, g)} 
then if 


n 
> 2a @, 8) =1wehave tim Ae = 1 
t=] 


Proof of the Theorem—From (6) we obtain for all large values of r and for e 
(> 0) arbitrary 


log T(r, fg) < (Pr + €) log M (r, g). 


and since « (> 0) is arbitrary, it follows that 


; log T(r,fg) _ log M (r, g) 
ine T (78) < pr Lice heat: a 8 


The theorem follows from (11) and Lemma 2. This proves the theorem. 


Note | : When, in particular, ai (z)’s are constants the assumption (i) of Theorem 
6 is obvious and so it need not be stated explicitly. 


Theorem 7—Let f (z) and & (z) be two transcendental integral functions such that 
(i) Po < co and the hyperlower order of g (2), ie is positive 

(ii) Ay > 0, and 

(ili) 38 (0, f) < 1, 


Then 
. log T(r, f g) 
lim sup —2——2 &7— 
r con T (r, g) aa 


Proor : To prove the theorem we require the following lemma. 
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Lemma 3 (Theorem 5, Niino and Suitat)—Let f(z) be a transcendental integral 
function, g (z) a transcendental integral function of finite order, » a constant satisfy- 
ing 0 < y < 1, and «a positive number. Then we have 


T(r, fg) + O(1) > N(r,0, 1 NM (Cort), g), 0, £} 
) (r fg) ? log q FE M ((qr)i/G*4), z)—O(1) 
—O (| 


Proof of the theorem—Since 3 (0, f) < 1, for given « > 0 there exists a 


sequence of values of r tending to infinity for which oe > 1—1 (0,f)—«>0. 
r, 


Hence from Lemma 3 we get for a sequence of values of r tending to infinity 


as r — co through all values. 


T(r, fg) + O(1) > log = 


x (— 80, f) — ) T{M (ar)1G+), g), f} — log M ((yr)1/G4*), 
g)O(\) 


log M ((nr)1'@+*),g) - O()) 
...(12) 


Since g (z) is of finite order Pg it follows for given e > 0 and for all large values of 


pe té< 
r, log M(r,g)< r9%_ . So from (12) we get for a sequence of values of r tending to 
infinity 


T (r, fz) + O(\) => log = 


(1 — 80, f) — «) T{M ((yr)UG**), g), £} — log M ((or)/G+%), 
g)o (1) 


x 








(e +), (1+e)_ 
(ar). 9. fl 0(1)} 
So for a sequence of values of r tending to infinity 
log T(r, fg) + O(1) > O (log r) + log T {M ((nr)H/O*), g), f} 


log M ((nr)1/(l+*), g) O (1) ] 13 
bi loa| | T= 36 fp — 9 TM (qrtiarey, gy, Fy fC 





‘ 2 al a : oe 
Since f(z) is transcendental, lim EUs) = oo and so for given positive number N, 


pro logr 
however large, and for all large values of r T(r, f) > % logr. Therefore, we obtain 
from (:3) for a sequence of values of r tending to infinity 


log T (r, fg) > O(1) — Ollogr) + log T{M (nr)1I1+%), g), f} 
log M ((n r)1'(te). g) O (1) ] 
te [1 ~ (1—s8(,f)—«) Nlog M ((qrUGr) g 


(equation continued on p 906) 
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= O(1) — O (log r) + log T {M ((yr)1/0*), g), f} 


O (1) 
+ log| | ~U=-tOfy—aN 


where J is so large that 


O (1) 
~ @—8@f) -9N 


Hence, for a sequence of values of r tending to infinity 


log T(r, fg) > O (1) — O (log r) + log T {M ((ar)1/A+*), g), f}. --.14) 


] ==, 


Since g (z) is of finite positive hyper lower order Xo, it follows for all large values of r 
that 


log log log M (r, g) 
logr 


L Ag. 
log M (r, g) > exp (ri? Ag). Ais} 


Again since f(z) is of positive lower order Ay, we get for all large values of r and for 
0O< M< Ars 


log T(r, /) > M logr. ...(16) 


From (14), (15) and (16) we obtain for a sequence of values of r tending to infinity 


Xy !2(1+%) 
log T(r, fg) > O(1) — O (logr) + Me (ar) 


which gives for a sequence of values of r tending to infinity 


log T(r, g) O (log r) ("r) oe 
; r e 
— ———— 2 O(1) — 
T(r 2) OS Te ee 
X,/2(1+%) 
e("r) 2 
2>O0O(l)+M rT 
rg 
because g (z) is transcendental and 
: log T (r, g) 
lim sup ———2 —. 
papiea P log r Po. 


This inequality gives 


: log T(r, fg) 
lim su =. 
ite T (r, g) 
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This proves the theorem. 


The author is thankful to the National Board for Higher Mathematics for giving 
him a research award in the Department of Mathematics, University of Kalyani during 
the tenure of which the paper was prepared. He is also indebted Professor B. K. Lahiri 
for encouraging and inspiring him during the preparation of the paper. 
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ON L1-CONVERGENCE OF CERTAIN TRIGONOMETRIC SUMS 


BaBU RAM AND SURESH KUMARI 
Department of Mathematics, M. D. University, Rohtak 124001 


(Received 6 September 1988) 


We introduce here new modified cosine and sine sums 


a. + >: ya (a,/j) k cos kx 


k=1 j=k 


In (x) = 


and 


&n (x) = : 5 A fa,/j) k sin kx 
k=1 jak 


respectively and study their L}-convergence. We also deduce results about 


L'-convergence of cosine and sine series, 


1. INTRODUCTION 


Consider cosine and sine series 


00 
a +: SS ak cos kx eat tea) 
k=] 
co 
= ak sin kx van aoe 
ke] 
or together 
= 
tay ak $k (x) (1.3) 


where ¢k (x) is cos kx or sin kx respectively. Let the partial sum of (1.3) be denoted 
by Sn (x) and t (x) = lim Sn (x). 
no 


The following results are known: 


Theorem A} (p. 202)—If {an} is a quasi-convex null sequence, then (1.1) isa 
Fourier series of its pointwise limit. 
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Theorem B?9—ii ,an} is a quasi-convex null sequence, then (1.2) is a Fourier 
series if and only if 


0o 


fe cs 
k . 


k= 


— 


If ak = o (1), k > co and 


2) 


>: k2 | A2 (=) | < © | (1.4) 


k1 
we say that (1°1), (1.2) or (1.3) belongs to the class R. 
Kano* generalized Theorems A and B by establishing the following results. 


Theorem C—If (1.3) belongs to the class R, it is a Fourier series or equivalently, 
it represents an integrable function. 


oO 
Theorem D—If {ax} is bounded and quasi-convex, the condition Sy Leet < co 
is equivalent to (1.4). k=1 


Concerning the /1-convergence of (1.2), Kano and Uchiyama® proved the 
following result : 


Theorem E—Let {an} be a bounded, quasi-convex sequence of real numbers. 


[oe] 
Then (1.2) converges in L if and only if > Lent < co and | an | logn > 0 


as n — oo. n=1 


‘ n n on 
Rees and Stanojevic’ introduced a cosine sum as } Sah ak + ae a A aj cos kx. 


Garrett and Stanojevic?, Ram and Singh and Sharma® studied the L1-convergence 
of this cosine sum under different sets of conditions on the coefficients an. 


We introduce here new modified cosine and sine sums as 


n n 
po= 2+ FS a(F)k coskx 
k-1 juk 
and 
n n 


gn (x) = » ES. & (% ) & sin kx. 


k=1 juk 
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The aim of this paper is to study 11-convergence of fn (x) and gn (x) and to 
obtain, analogous of Theorem E and of the following classical Young-Kolmogorov 
theorem. 


Theorem F1 (p. 204)—If {an} is a quasi-convex null sequence, then for the 
convergence of Lancosnx in the metric space L it is necessary and sufficient that 


lim anlogn = 0. 
n—->co 


In what follows, tn (x) will represent fn (x) or gn (x). 


2. RESULTS 


We prove the following result : 


Theorem 1—Let (1.3) be in the class R. Then 


lim tn (x) = ¢ (x) for x € (0, 7] and t E€ L (0, 7] ok Fp 
| tn — t |] = o(1), n> c, mull pt 4 | 


Proor : We will consider only cosine sums as the proof for the sine sums 
follows the same line. We have 


n n 
tn (x) = 5 + > >) A ({1-) cos kx 


k=l j=-k 


n 
= See pSEk cos kx 
k=1 


«[a(%)+a(—es )+..4 a(%)] 


a0 ak a 
= k i 9 
Sg cos kx | | 











k=] 
oad n 
cay oe 
= 2 or. >) ak cos kx — en SS k cos kx 
k=1 k=] 
~ Se (x) — et op (x) 
n+! n --.(2.3) 


where Dn (x) denotes the conjugate Dirichlet kernel. Since {ak} is null, lim tn (x) 
n> 


= t(x) for x € (0, 7], Theorem C now implies that t € L (0, nm]. 
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The relation (2.3) yields 








io 2) 
t (x) — tn(x) = ECO TS TE at D* (x) 
k=n+1 
m 
ae d ak * An+1 ea 
Tee ue BS q sinks ) + OD, Od, 
= +1 


Applying Abel’s transformation twice, we have 


1@-na—in fa (+ ) w+ & Di, (x) 


k=nt1 





—— D. (x) ] Ss oi 7% D. (x) 
m_—2 


= lim [ > &+ yal FE) KL 


k=n+1 





= md ( an ) Kj 1@) 





—(+ a ( )K, (x) 





Gee é, 
cng D‘, (x) ] 


co 


i 


(ke 1 a2 (4) x; (x) 


k=nt1 
Any) se 
+a (Hr) Ke 


where Kx (x) denotes the conjugate Fejér kernel. Thus 


lt (x) — n(x) | dx < S wt nia( 2), | Ki, (x) | dx 
- ; k=nt+1 7 


+ (n+ 1) 1a _aneh) | | | Ki, (x) |dx. 
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But, by Zygmund’s Theorem! (p. 458), we have 


| | Ki, @) | dx = 0 (W. 


~ 


Moreover, 
co 
an.1 | = A2 ( 2) | 
4 ( n+ 1 | k 
k=n+1 
eg Page 
“Se (4) 
k=nt1 5 
co 
- > ak 
<hr > # w( ) | 





k=nr1 


l 
iy o( (n+ 1P 
by the given hypothesis. Thus, it follows that 


o( Set 


k=n+1 


| 





ae ( %)/) +o) 


by (1.4). This proves (2.2) and the Theorem | is proved. 


| | t (x) — tn (x) | dx 


I 


3. DEDUCTIONS 


(i) If (1.3) belongs to the class R, then || f — Sn || = 0 (1) (n > ce) if and only 
if | angi | logn = 0 (1), n — co, 


>. 


Proor : We prove this result for cosine series only, the proof for sine series 
being similar. Using (2.5), we get 


7 


J | t(x%) — Sn (x) | dx = j | ¢ (x) — tn (x) + tn (x) — Sn (x) | dx 


ae 


<S i | (x) — tn (x) | dx 


a. 


+ J | tm) — gm (x) | de 


(equation continued on p. 913) 
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TT 


= jf |t(x) — ta(x)| dx 


tray 


sf 


+ | | +1 _ Di‘ (x) | dx 





: n+] 
and 
ans oe i 
ey 2. ©) dx = | | tn (x) — Sn (x) | dx 
< J 110) — Su (a) | dx 
+ J | t(x) — tn (x) | dx. 
Since 


Eaeedeal tx) ta. (x) | dx = 0 


n>o —-7 


by our Theorem | and 


n+ 1 


| | —7+1__ p* (x) | dx 


behaves like | anyi | lognm by Zygmund’s Theorem, cited above, for large n, the 
conclusion of the corollary (i) follows. 


(ii) We deduce now Theorem E of Kano and Uchiyama as follows : 


The condition | any1 | logn = 0(1), n > co and Theorem D imply that the 
sine series (1.2) belongs to the class R. The ‘if part’ now follows from deduction (i). 
The proof of the ‘only if part’ is the same as given by Kano and Uchiyama®. 
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ON «-QUASI CONVEX FUNCTIONS 


T. N. SHANMUGAM 
Department of Mathematics, Anna University, Madras 600025 


(Received 2 June 1987; after revision 27 February 1989) 


We define a new class of analytic functions Q («) of a-Quasi convex functions 
as follows: Leta 20. @Q (a) is the class of all functions f(z) holomorphic 
in the open unit disk U = {z:|z| <1} with f(0) =0, f' (0) =1 and 
satisfying 





zf’ (z) ‘3 [2f’ (z)]’ 


(1 — «) arg g(2) +aar 2’ (2) <n/2,zE€U 


for some a-convex function (Mocanu sense) g (z). Q (0) is the class C of 
close-to-convex functions of Kaplan‘ and Q (1) is the class Q of quasi-convex 
functions of Noor and Thomas®. Thus Q (a) unifiesthese two classes of 
functions. We prove in this paper that when « > 1 all functions in Q («) are 
close-to-convex (hence univalent) and the class Q(«) is invariant under 
certain integral operator. 


1. INTRODUCTION 


Let M, denote the class of «~-convex functions introduced by Mocanu®. This 
class M, unifies the classes K- of convex univalent functions and S* of starlike 
univalent functions. Infact Mo = S*and Mj = K. M., gives a continuous passage 
from the class of convex univalent functions to the class of starlike univalent functions 
as « decreases from | to 0. 


Let P («) denote the class of all functions f (z) holomorphic in U with f(0) = 0, 
f' (0) = 1 and satisfying for « > 0 


6 
eee e128) 4. 
a 


where 
0 < 61 < 62 & 61 + 2a, z = rete, r< il. 


This class was introduced and studied by Bharathi!. Also it was proved! that a 
function f € P («) if and only if 3 a starlike univalent function g (z) such that 


z* f'* (z) f1-* (z) U. (1) 
Re jer! | > 0 for zE 
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Noor and Thomas? introduced the class Q of Quasi-convex functions as the 
class of all functions f holomorphic in U with f(0) = 0, f’ (0) = 1 and satisfying 


Re {eee | =e au (2) 
g’ (2) 

for some convex univalent function g(z) with g (0) = 0, g (0)= 1. Noor and 

Thomas? also established that 


Ree CoC, 


The purpose of this paper is to introduce a new class Q («) of «-quasi convex 
functions. This new class will provide a continuous passage from QtoC asa 
decreases from | to 0 in an analogous manner M, giving a continuous passage from 
K to S*, 


Throughout this paper wherever a non-integral power of analytic function is 
being used, it is assumed that a suitable analytic branch has to be considered. 


2. Main RESULTS 


We now define the new class Q («) of «-Quasi convex functions. 


Definition 2.1—Let « > 0. We denote by Q («) the class of all functions f (z) 
holomorphic in U with f (0) = 0, f’ (0) = 1 and for some g € M, satisfying 
2f' (z) [2f’ (z)]’ 
——_— + a arg ———-| < 7/2, zE€ U. al 
ge) S888 ey | <7 iy 
Remark :; It is clear that Q (0) and Q (1) are respectively the classes of close-to- 
convex functions and quasi-convex functions. Thus we have a continuous passage 
from Q to C as « decreases. frcm 1 to 0. We also show that «-quasi-convex function 
is a close-to-convex function for « > | and hence univalent in U. 


(1 — «) arg 


We need the following theorem to establish our main results: 


Theorem A—Let 8, v € C, h (z) be convex univalent in U with h (0) = 1 and 
Re (8h (z) + v) > 0, z © U and let g(z) be holomorphic in U with g (0) = 1 and 
q (z) x h(z) (q (z) is sub-ordinate to h(z)in U). If p(z)= 14 piz+... is holo- 
morphic in U then 

zf’ (z) 

eq (z) + v 
For proof of the result, See Padmanabhan and Parvatham®. 
Theorem 2.i—For« > 1, Q(«)C O(0) =C. 
Proor : Let fE Q («). Then 3 ag € Mz such that 


zf (z) 
g (Zz) 


p(z) + ~~ h(z) > p(z) x A(z). 


el ate ee 


(1 — a) arg TOs 7/2, z€ U 
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equivalently, 
(zf" (z)}i-* [zy (z)]‘* 
Re 5——_—>_ “| 
e { gl-* (z) g’* (z) } >0,ze€ U. 
Thus 
gy (z) gO (4) 
where 
| arg p(z)| < 7/2. 
Now let 
P (z) = 2 _@) 
ve g (2) 
Then 
BP) __2P" (2) __ 
ie a P (z) + se4a)Ig (2) 
Substituting in (4) we get, 
P 
[Pe +22 | ca m6) = pt 
g (z) 
Setting 
. Pll (z) = py (2) 
and 
wo = q (2) 
we get 


zp; (Z) 
+ ————_ = 1/% 4 
Px (2) ia) pil® (2) 
Since g € Ma. C S*, Reg(z) > 0 in U and | arg pl* (z) | < 2/20, for « > |. 
pl (z) lies in-side the convex set | arg&| < r]/2«. Thus application of Theorem A 
with B= 1, y=0 and A(z) = [i — z)/(l + z)}* gives | arg pr (z) | < 7/2« or 
| arg P(z) | < 7/2« which implies f € Q (0) C. 
Remark : Since every function f in Q («) is a close-to-convex function, Q (a) 
> 


is a proper sub-class of the class S of normalized univalent function whenever x > 


Theorem 2.2—Q («) € Q(B) for « 2 | and0O < Ba, 
Proor : The case 8 = 0 has been established in Theorem 2.1, hence we assume 
B>0. Let fe Q(a). Thengage M, such that for z € U. 


| (1 — «) arg p (z) + a arg ( p (2) 2 )| < 2/2 


918 T. N. SHANMUGAM 





where 
zf’ (z) 
Pp (z) ct) g (z) 
and 
_ 78’ (2) 
q (z) Cond g (z) a 
Now 


| (1 = p) arg p (2) + 8 arg ( p(z) + wt) | 





< £ (1 — x) arg p (z) + « arg ( p(z) + oe) 


+ ( -£) jagp@i< F4+(1-2)5 = 07. 


a 


Thus f € Q (8) under the stated conditions of the theorem. 
Theorem 2.3—f € Q («) if and only if zf' € P (a). 
Proor : Since f € Q («) we have 


z® (2f’ (z))i-= [zf’ (z)]* } 
me 2* gl*(z)g*(z) f° 


for z € U, whereg € M,. Equivalently, 3 ¢ € S* such that 
Z* gi-® (z) g* (z) = ¢ (2) 


and thus 


z* [zf< (2) [ef (2) 
Re {SEL Or= ef el" b>ozeu 


From the representation theorem for the class P (x)! we have zf’€ P(a). Converse 
follows immediately from the representation theorem for the class P («). 


Remark : When « = 1, Q (a) and P (a) are noting but the classes Q and C 
respectively. Thus Theorem! of Noor and Thomas? is a particular case of 
Theorem 2.3. When « = 0, Q(0)=C and P(0) = CS* of Reade’. Thus 
Theorem 2.3 reduces to the well-known result namely f € C if and only if zf € CS*. 


Theorem 2.4—For « real, 1 Q(x) = K. 
aA 


Proor : Let f € Q (a), then3Z ag © Mz such that forz € U 


| Oey of’ (2) [2f’ (2) = 
I( 1) arg g(@) Re eg 
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Allowing « to °° we get, 


ef @y aft) 


a : = 
Sra) Fog) 0 











that is 
iz, (2)1 * . & (2) 
are of (2) 8’ @) 











Therefore there exists a positive real number m™ such that 


[ef (z). . __g@) _,, 


Petals 522; (z) 
which is the same as saying 
Petey Pye te 2) 
PorGy 9 2G) ~ 


Since g € Ma. C S* and m > 0 we get f is a convex function. Hence from (2.2) it 
follows that © Q(«)C K. Conversely, if f is a convex function then by taking 


a? l 
g(z) = f(z) we see that fE Q (co). Thus a Q(«) > K. Hence Theorem 2.4 
aAl 


follows. 
Remark 3 : By Theorems 2.3 and 2.4 we get 
rrP (a) = S*. 
azZl 


Theorem 2.5—Whenever f € Q («) and « 2 I, then F(z) defined by 


F'(2) = | ee ( t(2-*)!= f/1'™ (t) dt 7 ar &-) | 
0 


is also in Q («). 
Proor : Since fE O(a) Jage M,. such that 


z* [2f’ (z)} [2f' (2) * 
Re | eee b>o forza U. 


Let G (z) be defined as, 
+ a 
a= {i facneem oa 





o 


Then 


z 
zil* Gil* (z) = 1 | t(1-)/* gil (¢) dt. 
0 


920 T, N. SHANMUGAM 
This on differentiation, with respect to z gives 


+ z(1-%) Im GI% (z) 4 - 2 lx G(1-*)/* (z) G'(z) = < ae ake 


Hence, 
zG’ (z) GA-*)/= (z) + Gi/* (z) = gil (z) 


again differentiating this with respect to z we get 


( z =i ) 26" (z) GA-2") I= (2) + G (z) GA-*)/* (z) + zGl-*)/= (2) G" (2) 
+ +Ga-m)! (2) G' (2) 


I 
= — g(t-*)l* (z) g* (2). 








That is 
(1 — a) zG(L-2%)/* (z) G’2 (z) + a zG(l-*)I™ (z) G”’ (z) 
+ (1 + a) G(l-*)/* (z) G’ (z) 
== g(l-*)[= (z) g’ (2). 
Therefore, 
G(l-a)I= (2) G’ | Lt a) + 226" (2) gy OU) 
(z) G’(z)| (1 + a) + G’ @) + (1 — a) G2) 
ad Mae LN COW TE) (6) 
putting 
p@=(— a SE 4 (14 Oo 
G (z) G (z) ) 
(6) becomes 
GO*) (2) G’ (2) [p (2) + 1] = gA-™) (z) g’ (2) ..(7) 


taking logarithamic differentiation of (7) we get 


‘ 


_zp' (2) zg’ (z) . 
+ oo ‘ 


As g € Mz we get 


R azp' (z) 
e (7 RES eas )>o 


equivalently 


p(z) + azp’ (z) l+2z 
@) ne 5 we l-—-2z°- 





€ 
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Using a result due to Eenignburg e/ al.2 we get 


1+ 2 
l—z 





p(z) = or Re p(z) > 0. 


Thus G € M. whenever g € M,. 


Now let 
_ VF @P*2F ya, 
PQ) =" Gi" (@) G* (2) 
equivalently, 
[zF’ (z)]@-*)'= [zF’ (z)’ = Pi (z) GA-*)™ (z) G’ (z). ...(8) 


Also we have, 


P1l™ (z) GA-*)!* (z) G’ (z) 


zF" (z) + F'(z) = [F (a|ary-2 : ...(9) 


From the representation (5) for F’ (z) we have 


Zz 
zl 1 Fr (z)1'™ oe 2 | t (2-) 1 poses (t) dt 
0 


a 


which on differentiation with respect to z yields, 
am. 1 pr gya-s FY (2) + FP (2) > 20-9) 
a 


= 2 z(2-*)/* fhe (z). 
a 
Hence, 
F (1-8)/= (z) [2F" (z) + 2F' (z)] = 2f'1 @). 


Using (9) we get, 
| aie G(1-*):* (z) G’ (z) Fi (ie) 1% 
F'Q- &)/* (z) {Fr oer +F a} = 2f (1-%) /* (z) 
or 


Pee eae A) GE) ertts (2) ve Of UE (2. 
Z 





Therefore, 
ap’lie (2) Ga-*)!= (2) G’ (2) + (2F" (2) = 2 Leaf" (10) 
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Differentiating (10) with respect to z and simplifying using (8) and (6) we get 
] 


a 


2 , —-ay)fa "\" 
P1™ g(l-a)/% gt 4 = PQ-*)m P'GO-*)I= Gm = (zf')A-") (Zf'y. 


Therfore 
Og 2 6 Sey cepa id eh) a 
pin + (garg) 2 gig ey 
G(1-=) i G ) 
Setting 


(1-%) 
P; (z) = P1/* (z); Q(z) = baa eS 








(11) becomes 


azPy' (z) 2 (zf G9" Gr 7 
BO OG): oa astneenee 


From (6) we get 


Q(z) =a ( 1 + ee )+ (1 — a) =e +1 


since G € M, we find Re Q(z) > 0. Alsoas f € Q (a) we have 


jue( not SB) |< 


an application of Theorem A for « > 1 yields: 


7 7 
| arg Pi (z)| < 7,7 > or | arg P (z) | = 


which gives F € Q (a) thereby establishing the theorem. 
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EDGE CRACK IN ORTHOTROPIC ELASTIC HALF-PLANE 


J. DE ano B. Patra 


Department of Mathematics, Bengal Engineering College, Howrah 711103 
West Bengal 


(Received 30 December 1987; after revision 27 January 1989) 


Problems of determining the distribution of stress and displacement in an 
orthotropic elastic half-plane containing an edge crack normal to the free- 
surface when (1) the shape of the crack is prescribed and (IL) the cracks are 
opened by given normal pressure, have been considered. Numerical results, 
for various loading functions, of stress intensity factor and crack energy 
have been presented for problem 11 taking into account the values of con- 
stants for boron-epoxy composite. 


1. INTRODUCTION 


The problems of determining stress and displacement fields in an isotropic elastic 
half-plane containing an edge crack have been considered by Sneddon and Das!®, 
Krapkhov®, Srivastav and Narain!2, Irwin’, Koiter4 and many others. Details of 
references can be had in Sih®, Sneddon and Lowengrub!!. The authors used different 
techniques like integral transform method, complex variable method, alternating 
method, Wiener-Hopf technique etc. As such crack problems in orthotropic medium 
are important and useful from technological point of view. Dhaliwal*, Satapathy and 
Parhi8, Kushwaha® and Das and Behera! have considered Griffith cracks in ortho- 
tropic medium. In this paper we have dealt with two edge crack problems normal 
to the boundary in an orthotropic elastic half plane : 


(I) having prescribed crack shape and the other, (II) having been opened by 
prescribed normal pressures. 


The displacements and stresses in a two dimensional orthotropic elastic medium 
are expressed in terms of two potential functions?’’, which are harmonic in two dif- 
ferent planes both being different from the physical plane considered. Using integral 
transform technique closed form solution is obtained for problem ] whereas the 
solution of problem II have been reduced in solving Fredholm integral equation of 
second kind which is suitable for numerical computation. 


n for pressure necessary to produce the Griffith crack 
d. Also in problem II, expressions for quantities 
s intensity factor and crack energy 


In problem I, expressio 
of prescribed shape have been obtaine 
of physical interest ¢.g. shape of the crack, stres 


have been obtained. 
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Numerical computations for problem II have been done for boron-epoxy com- 
posite material for linearly loaded, partially constant loaded, point loaded and 
constant loaded cracks. 


2. THe Basic EQUATIONS 


For an orthotropic medium, we choose the Cartesian co-ordinate axes to be 
coincident with the principal material axes. For the case of plane strain following 
Satapathy and Parhi® the displacement and stress components are expressed in terms 
of two potential functions 9; and 92 as 











é 91 8 g2 
lamar Te (24) 
: Ai a 91 ho a 2 
ieihin WAL ucla. Wc ks ae 
l+Ar & gy 1+dA2 Bo» 
Go A Sl. SO — ee Ne ME YRS i 
«z/A66 72 5 doen 72 a x2 ...(2,3) 
2 
oyy/ Age = (1 + a) S 43:6) dbs AY a = ...(2.4) 
1+”. 8 l+Aq 2 
ae eee alle le SV Pay 
Szy' AGE 3 ax eyy + So ax Aye a Vf 
1 and 92 satisfy the differential equation 
02 oF 02 oF : 
axe + dle cita 0) (= 1; 2) ...(2.6) 
Oy; 
where 
ye = y/o (i = 1, 2) eather) 
and 41, Ag and 83, 83 are the roots of the quadratic equations 
A® Ags (Aiz + Age) + A[(Ar2 + Age)? + Ade — Ary Ag2] 
+ Agee (A12 + Age) = 0 .. (2.8) 


and 


54 Ai Age + 82 [(A12 + Age)? — Age — A11 Ato] + Age Agg = 0 


et PA 
respectively. Aiy are anisotropic constants of the orthotropic material. on 


3. FORMULATION OF THE PROBLEMS 
We consider the semi-infinite region x > 


> O and take the half plane to be ortho- 
tropic containing a Griffith edge crack 0 < x ee 


a4 on y = O normal to the free surface 
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x =0. Due to symmetry with respect to the x-axis the problems are reduced to 
quarter plane (x > 0, y > 0) problems. 


Problem I (Displacement prescribed) 


The problem is to determine the components of displacements and stresses at any 
point and to determine the pressure p (x) necessary to produce the crack of prescribed 
shape w(x). The boundary conditions of the problem are 


uy (x, 0) =w(x), O<x<a veal del) 

uy (x, 0) => 0, x>a mah Be V 

Ggy (x,0) = 0,x > 0 me KD 

ogz (0, y) = 0, py > O ...(3.4) 
and 

Sry (0, y) = 0, y > 0. Pa HY) 


Problem IT (Stress prescribed) 


The crack is opened by equal and opposite prescribed pressures po f (x) normal 
to the faces of it. The problem is to determine the components of displacements and 
stresses at any point and to determine the shape of the crack, stress intensity factor 
at the crack tip and the crack energy. The boundary conditions of the problem are 


Syy (x, 0) = — po f (x), OK x <a EAL 3:6) 
together with (3.2) to (3.5). 


4. SOLUTION OF THE PROBLEMS 


We take solutions of eqns. (2.6) in the form 


co 
e1 (x;.))) = J [a-1 By (a) e~*5y7 cos ay 
+ 4-2 Cy («) e-*¥% cos ax] da ...(4.1) 


and 


er) 
o2 (x,y) = J [a-1 Bo (a) e~**o* cos ay 
0 


+ a-2 Co (a) e~*¥2 cos ax] da et Bee) 


where By («), Bo (a), C1 («) and Cz («) are unknown functions to be determined. 
Boundary conditions (3.3) and (3.5) will be satisfied, if we take 


A2 
ee Cay = x Co (2) (4.3) 
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and 
1+ Aq 38e 
— eee A a 9 ere 4 
A(a)=—- yy F Fate). (4.4) 


From boundary conditions (3.2) and (3.4), using (4.3) and (4.4), we obtain 








oo 
H a-1 Cy (a) cosaxda = 0, for allx >a aateael 
es ae 
Ke 5 2) | Bz (a) « cos ay da 
0 
| co 
Le (frees pero ee o 
+ be [ 81 So |e («)dx = 0,y > 0. ...(4.6) 


Problem I 
Boundary condition (3.1) with the help of (4.3) gives 


A : 
i C2 (a) a1 cos ax da = g(x), OS x<a ...(4.7) 
where 
l 5 
0 (x) = <A) Ta, (x). o.(4:8) 


(Ai — d2) 


Now eqns. (4.5) — (4.7) will determine the unknown functions Bo («) and Co (a). 
Taking 


Co (x) = a f 1.9 (1) Jo (at) at 


Bo (a) = if b(t) Jo (at) dt (4.9) 


eqn. (4.5) is identically satisfied and eqn. (4.7) 


leads to (c. f. Magnus and Oberhettinger’) 





to(t) dt 


(2 — xia — 9(0),0<x<a 
zx 


which has the solution 


a 
a 6 (a) 6' (u) du 
 (t) 7 | (@— 1a — | CEES } 0O€t<a. ...(4 10) 
é 
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Equation (4.6) with the help of (4.9) and (4.10) gives 


y 

aa 251 fea 
y2 — 12)N2 “dq (31 — 82) a 

) ¢ ) mde (34 2) 2 (>4 + u2)12 


u 


which has the solution 





Ae Se aed, @ (a) " 9' (B)de 
ty (t) -( cs ) So (53 — 52) | (a2 — y2)1/2 o | (B2—u2)1/2 
d t 
! 
tlie 
d x= iys)ite 
t Ais -) Aare 
1 
- pape) o |e 
Simplifying we get, 
4311 J ] 
¥(0) aia Ease ued; Terria 
0 
9 (a) C6 (8) dB 
a emia ee 
i (4.11) 


Equation (4.10) and (4.11) give » (t) and ¢ (t) in closed form. So Be («) and C2 («) are 
known from (4.9). Then (4.3) and (4.4) give Ci («) and By (%) respectively. There- 
fore the displacements and stresses can be determined from (2.1) — (2.5). 


Expression for pressure Pp (x) necessary to produce the Griffith crack Of pres- 
cribed shape is obtained from (2.4) with the help of (4 1) — (4.4) and (4.9) as 


co 
82 83 
p (x) = Aes (1 + Az) E x laa —(@+s aor} 
0 


z 
§ d to (t) dt 2 
x tv (t) dt + (1 —— oye dx | Se ix <x <a, 
0 
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Problem II 
Boundary condition (3.6) with the help of (4.3) and (4.4) gives 


ae 

4 

8e a Bo (a) [d; e-*8)% — do e~*857] da + (1 — a) 
0 


Co 
tty Pos 1s) 
x | Co (a) COS ax Aa rn ae - 4a) 5, Oe eee: 
0 ... (4.12) 


In this case, (4.5), (4.6) and (4.12) will determine the unknown functions Bo (a) and 
C2 (a). Taking the same integral representations given in (4.9) for Bz « and Cy (a) 
as in problem I, eqn. (4.5) is identically satisfied and eqn. (4.6) leads to 


y a 
tv(t)dt aT 
| G2 — 2yTz ~ 8 (81 — Be) | hes 
0 0 
l l d 3 
“lorsuye — OFgae|™ 4.13) 
Inverting (4.13) we get 
Y(t) | K2 (t,u) 9(u) du,r > 0 (4.14) 
where 
251 t ] ] 
Ko (t a fn 
2 ( , u) rid 39 (01 — do) 12 + y2 Os 12 + y2 3? } +<(4.55) 
Equation (4.12) under (4.9) becomes 
ug °° 
| to (t) dt Fe 82 3 | 
: (8 — PIR ~ (yy | 2 } ony OO) eracaar ae 
= ea Ae Po F (x) 
(8? x2 4 yah mire ~ Age (1 + Aa) 
hers ---(4.16) 
F Zz 
@) = J f(x) dx. (4.17) 


Inverting (4.16) we get 


p(t) = S K3(t,u)) (u) du+ Fi(t),0 <1<€a ... (4.18) 
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where 
Kz (t, u) = 2 eee SSRI ale sy 82 
oe FO4 a 82)! | Bee ee 32+ we 
...(4.19) 
and 
2 $ / 
PY Pe Pelle eae aeeaaie eaiet Bt Bee pamela f (x) dx 
7 (51 — 82) Age (1 + Ad) (72 — x22 * ..(4.20) 


The solution of the problem, therefore, reduces to the solution of the pair of simult- 
aneous integral eqns. (4.14) and (4.18). 


Eliminating / (t) from (4.14) and (4.18) we get 


a 
p(t) — e(v) L (t,v)dv= Fi (t),0O<t<a (4.21) 
where 
4 dy de t $? 16 ' 
L(t, v) = : St Sli! Me 
GY 3G — oy | (12 83 — v2 83) loz ( ¥ 8 ) 
82 t 82 2 
is (12 383 — v2 83) log ( ea) ~ (t2 — yp?) 


x log ( ‘| (4.22) 


This kernel Z (1, v) in eqn. (4.22) appears to have singularities at points f = v 52/41, 
y 53/3 and t = v. But it can be easily shown by L’ Hospital’s rule that L (t, v) tends 
to finite limits when f tends to these three points. Accordingly, eqn. (4.21) is suitable 
for its numerical solution. Thus quantities of physical interest of the problem can be 
determined. The stress intensity factor Ki is given by 

Ki = lim [2 (x — a)]!/? oyy (x, 0) 


x7at 


_ Ass a EMS al all2 9 (a). (4.23) 
2 


Crack energy W is given by 


a 
W= — J Gyy (X, 0) Uy (x, 0) dx 
0 


a 


' 
= bo (1 — 22) (19 (1) {| f (x) dx | at (4.24) 
0 





(1 + 41) 02 (52 ——ex4)1!® 
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The shape of the crack is obtained from (2.2) using (2.8), (4.3) and (4.9) as 


a 


1— As) [ _t (tds 
uy (x, 0) = =A) | aa 0S Se. (4.25) 


Taking the values of the elastic constants as 
Age == 1.13 X 106 psi, Ar = 17.430, Az = 0.057. 


5? = 2.862 and 6} = 0 047 for Boron-Epoxy composite (c.f. Das and 
Behera!, Ki, W and 9 (t) in (4.21) for different ¢, for unit crack length have been 
computed for various loading functions f (x). The results obtained are given in Table 
I and presented graphically in Fig. | respectively. 








TABLE [| 
Loading function Stress intensity Crack energy 
f (x) factor (K1) (W) 
oF oa ee 5 4.06893 pp 0.23598 po? 
'H (x — 4) 1.04894 py 0.33632 po? 
me 0.66221 po 0.09149 po* 
3 (x — 1/2) 0.68220 po 0.60762 po® 


SS SSS Ss 
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FLOW OF A SECOND ORDER FLUID DUE TO THE ROTATION OF AN 
INFINITE POROUS DISK NEAR A STATIONARY PARALLEL POROUS 
DISK 


B. B. SINGH* AND ANIL KUMAR 
Department of Mathematics, Banaras Hindu University Varanasi 221005 


(Received 18 July 1988; after revision 3 November 1988) 


Here the flow pattern of an incompressible second order fluid confined bet- 
ween two infinite parallel disks, one stationary (stator) and other rotating 
(rotor), has been considered when there is a uniform injection normal to 
the stator. The solution of the problem is sought by expanding all the flow 
functions in the ascending powers of Reynolds numbers. The effects of the 
elastico-viscosity, * cross-viscosity and injection are studied on the flow when 
any two of them are kept fixed and the third is varied. 


1. INTRODUCTION 


Recently, there has been a considerable amount of interest in the flow of non- 
Newtonian fluids between rotating disks, since the flow geometry is one which has 
several technical applications, for example lubrication. Consequently a number of 
workers have studied the flows between two disks under various physical and experi- 
mental conditions. 


Recently, Batchelor! gave a note on a class of solutions of the Navier and Stokes 
equations representing steady rotationally symmetric flow. Mellor et al.2 studied the 
flow of an incompressible, viscous fluid between stationary and rotating disks and 
presented numerical evidence that for a single Reynolds number many steady state 
solutions are possible. Soundalgekar? considered the flow of a second order viscous 
fluid in a circular tube under the pressure gradient varying exponentially with time. 
Similarly, Rajgopal* studied the flow of a second order fluid between rotating parallel 
plates. Lai et al.5 studied the flows occurring between the parallel rotating disks to 
include the solutions that are not axi-symmetric. Lai et al.6 geteralized the Von- 
Karman solution for flow above a single rotating disk. Szeri and Rajgopal’ discussed 
the flow of a fluid of grade three between heated parallel plates. Christie et al.8 made 
the study of the flow of a non-Newtonian fluid between concentric rotating cylinders, 
More recently Sirivat ef al.6 made an experimental investigation of the results obtained 
from the flow of non-Newtonian fluid between rotating parallel disks. 





* Present Address : Department of Mathematics, College of Engineering Pravaranagar (Loni), 
Taluka-Sri Rampur, Dist. Ahmadnagar, Maharashtra, 413736. 
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The authors were motivated by the problems tackled by Wilson and Schryer!° 
and Sharma and Singh!. Wilson and Schryer considered the viscous flow between 
two co-axial infinite disks, one stationary and other rotating. They took also into 
consideration the effects of applying a uniform suction through the rotating disk. 
Sharma and Singh, on the other hand, considered the flow of a second order incom- 
pressible fluid due to torsional oscillations of infinite disks. They also took the effects 
of applying uniform injection to lower disk and an equal suction to the upper one. 
Moreover, both the problems were for unsteady flows. In our present problem, we 
take the steady flow into account deleting the torsional effects of oscillations. We here 
study the flow pattern of an incompressible second order fluid between two parallel in- 
finite disks when one is rotating (called rotor) and other is at rest (called stator). A 
uniform injection is applied to the stator forming the subject matter of the paper. The 
remaining conditions are the same, i. e., the rotor coincides with the plane z = 0 and 
the stator coincides with the plane z = d. Here the dimensionless parameters ~ 


(= Pee ) ,B( = er ) govern the effects of elastico-viscosity and cross-viscosity, 
while the effects of injection are governed by a non-dimensional parameter k ( = a0 ) 


where «9 is the suction velocity (negative for injection). 


2. Basic EQUATIONS 


The constitutive equations of an incompressible second order fluid are 
(cf. Srivastava12) 


t4j = p Oty + wt A(1)ts + pe A(2yts + 3 A(a)ie A(a)R: Pa Ai 
A(i)ti = vt,3 + 99,4, A(2)t9 = at,g + ag,t + 2vm,¢ Vm,j. red’) 


Here tj is the stress tensor, p hydrostatic pressure, 14 and a¢ are the velocity and the 


acceleratinn vectors; pi, »2, ps are the mathematical constants and 8i7 is Kronecker’s 
delta. 


The second order fluid characterised by equation (1) confined between two in- 


finite disks. The disk coinciding with the plane z = 0 rotates with a uniform angular 


velocity about z-axis, while the other (assumed porous) coincides with the plane 


z = dand is atrest. A uniform injection — Wo (Wo being positive in z-increasing 


direction) is applied normal to the rotating disk. The space between the dis 
pied by homogeneous, incompressible second order fluid. 
co-ordinate system as (r, 


ks is occu- 
If we choose the cylindrical 


9, z), then the equation (1) together with momentum equation 
or extraneous force are (cf. Srivastaval2 and Wilson and Schryer!9) 


Ou Ow y2 
p(w —— OF xtge es ete _ Or O Trz t hs 
Trt ae aa) ia) COO le ee 








av ay ) 
ar EI eater yest eh! a (4) 
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ow ow ot a 
p (u oe ) = ot Tez Ter 

or cP Oz ) or + Oz 2E r ++-(5) 
Gu u ow 
a apo ...(6) 


where wu, v and w are the radial, transverse and axial components of velocity respecti- 
vely, the relevant boundary conditions of the problem are 


G=—0,y=—=rTrQD w= Oatz = 0 
n=0,v=0, w= — woatz=d. sash 7) 


The velocity components for axi-symmetric flow compatible with continuity 
criterion (6) can be taken as (cf. Von-Karman!*) 





w= fr 0 F(a) 

v=rQ F’ (n) 

w= — 24Q F(n) ..-(8) 
and 

r® n2 2 

P=ma[—ric) +t 6- 27 +G94H] 0) 
where 

y = 2/4, A = BED og he BBY | 


ft Pl 


Here the primes denote derivatives w.r.t. and A is an arbitrary constant to be deter- 
mined from the boundary conditions (7). 


In view of (8), the boundary conditions (7) become 
7=0:F=0=F',G=1 
n= 1: F =k, F'=0,G=0. ...(10) 


Following set of the equations is obtained after substituting (8) and (9) into (1), (3), 
(4), (5) (cf. Srivastava?) 


R(F? — G2 — 2FF") = F" + 2aR(F™ + 2G” + FF'’) 


—6R (F"? + 3G" + 2F' F”)— 2a ...(11) 


OR(F'G — FG’) = G’ — 20 R(F’ G’— FG) + 2p RUF O — F’ G’) 
...(12) 


4R FF’ = p, — 2F* — 40 R(INF' F’ + FF") + 2BRF'F" ...(13) 
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where 
d* 0p 
1 


C= 





#3 
pdr P= p ga 


and primes denote differentiation w.r.t. 7. From (13), we can get pi after integration 
and substituting it in (9), we get hydrosatic pressure in terms of F, G, A and their deri- 
vatives Here one thing is to be noted that the equations (11), (12) and (13) can also 
be obtained from Sharma and Singh!4 and Wilson and Schryer!9 who studied the same 
problem under different boundary conditions after deleting the terms containing time. 


3. SOLUTIONS AND EQUATIONS 


The solutions of (11) — (13) cannot be found for all values of R with the help 
of a regular perturbation technique. For finite values of R it is not possible to derive 
even an approximation soluticn. So, one of the possible solutions is to seek it for 
values of R. 


Taking R to be small, we expand F, G and A in ascending powers of F as follows: 
F= fo + Rfi + R2 fo + 
G = go + Roi + R2e04+ ... 
A = Ao + RAy + R2Ag + ... ...(14) 


Substituting (14) in (11) and (12), we get sets of linear differential equations by equa- 
ting similar powers of R on both the sides and neglecting the powers higher than two, 


fi, + 2« (r; + 2g, + fofe ) = 6 (Fe + 3gy + 2Ff% ) 

es 2 

=fo - 8) — fofs + 2a ... (16) 
gt’ — 2a ys & — fogs ) +28 (45 8 —fo & ) 

= 2 fy 80 — fo 85 witid) 
fe +20 (45 +28 + hose + Ase ) 

—B (265 F5 +380 8; 5 ) 


= 2fof1 — 28081 — 2fo ft —Asfe + rw (18) 
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gy — 2 (f5 8, + Si 8, — Sosy fies) + 28(F6 &% 
+ fis) —Si 8 — fos ) 


=f, 8 +f; 80-—fo8, + fi - (19) 
The boundary conditions (10) become 
fa (0) =0 =f", (0) 


fo(l) = k, go (0) = 1 
fnsi (1) = 0 = gay1 (0) 
gn (1) = 0, (forn = 0, |, 2, 3, et | ...(20) 


Wo 


where K = rd is a dimensionless parameter representing the injection of the 





stator. 


On solving the sets of equations (15) — (19) under the boundary conditions (20), 
we can easily get fo, fi, fe, ---3 80, 81s 82+ and Apo, A1, Ag,.... Substituting their 
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Fig. 1. Response of radial velocity to an increase in elastico-viscous effects B= 10, K=.000 


936 B. B. SINGH AND ANIL KUMAR 





12 
10 
OS 
= 8 “ 
: - 
= 
a 6 a 
(e) 
o 
a 4 
bs 
0 og sk ° 8 1-0 
aeplet: 
cant antl! rd 
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Fic. 3. Response of transverse velocity to an increase in elastico-viscous effects B=10, K=.0002. 
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Fic. 4. Response of radial velocity to an increase ia cross-viscous effects «=4 and K= 0002. 


values in (14) we find the expressions for u, v and w, Since the method of solving the 
equations (15) —(19) is a straight forward procedure, hence there isnot any problem 
in finding out the expressions for fo, f1, f2, --- ; 80, 81, 2,--- and Ao, M1, As, ... Then 
with the help of (14) and (8) we get the expressions for u, v and w. 


4. GRAPHICAL REPRESENTATION AND CONCLUSIONS 


Numerical computations are carried out for different values of «, 6, k for u, v, w 
and they are shown on figures. For each case, R is assumed constant and equal to 0.5. 
The effect of an increase of elastico-viscous forces in the fluid is observed by maintain- 
ing cross-viscous (f) and injection parameter (k) as equal to 10 and 0.0002 respectively. 
It is found that, with an increase in elastico-viscosity of the fluid, the radial component 
of velocity increases and the transverse component of velocity decreases throughout 
the gap length. The axial velocity increases near the rotor and decreases near the stator 
as is evident from Figs. 1-3. 


In turn, if we choose to increase the cross-viscous forces keeping « and k as 
equal to 4 and 0.0002 respectively, we find that the transverse component increases 
and the axial component decreases throughout the space between the disks, The radial 
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component decreases near the rotor and increases near the stator as is also evident 
Figs. 4-6, 
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The effect of an increase in injection is found by assuming « = 0,0276 
0.1233 so that « and 8 are in the same ratio as 4, and ue for 6.8 piso sol rome a 
po agen ene incetane at 30°C. It is concluded that in such type of secSheweeee 
; on Crease In injection on the stator increases radia] axial flow th h - 
gap, while the transverse component behaves contrary to it as is evident =cut rand 


The results obtained to i i 
ncompressible second order f] id ; 
with the TAR 5 ulds Can easily be compa 
eater H Seve ing fiuids. The non-Newtonian effects are sented throu ‘ ne 
Tiga 1ona nperanisteas a, B called elastico-viscosity, CTOSS-Viscosity res SiR ] : 
ewtonian fluids « = 8 = 0. Taking « = Bs Onan ase Pb ie ely. 
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Fic. 6. Response of transvers velocity to an increase in cross-viscous effects «=4 and K= .0002. 
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Fig. 7. Variation of raaial velocity with injection a= .0276 and §=.1233. 
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Fic. 8. Variation of axial velocity with injection «=.0276 and 6=.1233. 
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and:w, we shall be able to find the corresponding expressions for Newtonian fluids. 


Here taking « and 8 as fixed (i. €., zero) and varying k, we can easily study the effects 
onu,vandw. The effects are scown in the Figs. 10-12. 
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Fic. 10. Radial velocity with injection for newtonian fluid («=6=0). 
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Fic. 12. Variation of transverse velocity with injection for Newtonian fluid («a=6=0). 


From the Fig. 10, we see that the effect of injection parameter (K) is to increase 
the radial velocity component even if we take Newtonian fluid (« = B = 0). But this 
increase in the radial velocity component is somewhat greater as compared to that in 
second order incompressible fluids. But the axial velocity also increases tremendously 
near the rotor with an increase in injection parameter. On the other hand, it decreases 
with the same speed with an increase in the injection parameter near the stator. Finally, 
the transverse component of velocity decreases with an increase in injection Parameter. 
But this decrease is somewhat slower as compared to that in the case of second order 
fluid. Moreover, the numerica] value of the transverse component of velocity in 


Newtonian fluid is somewhat lower as compared to that in the case of second order 
incompressible fluids. 
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The system of Alfvén waves in a real MHD fluid is discussed in detail. The 
equation of state and thermodynamic quantities of the system have been 
obtained with the help of the formulae of Bose-Einstein statistics and electro- 
dynamics. It has been found that if we ignore the viscous forces from the 
equation of state of Alfvén waves in a real MHD fluid, the equation reduces 
to the equation of state of the system of Alfvén waves in an ideal MHD fluid, 


1. INTRODUCTION 


In this paper we consider Alfvén waves as a system. The energy of this system 
is quantized by the boundary conditions imposed on the walls of the box containing 
the real fluid. We calculate the density of states and then the free energy of the 


system with the help of the formulae of electrodynamics. This leads us to find the 
equation of state of the system. 


2. DEFINITION 


We consider the system of Alfvén waves in a real MHD fluid and assume that 
quantum of energy of an Alfvén wave exists having the value hw (h being Dirac h and 
w the angular frequency). This quantum is named as Alfvén onl, 


3. FORMULATION OF THE PROBLEM 


We take the system of Alfvén waves in a cubic box having each side a and 
volume V and assume that the system is in thermal equilibrium with the box having 
perfectly reflecting and ideally conducting walls. The wave function vanishes on all 
sides of the box. Like photons, Alfvénons are subject to quantum statistics and 
especially to Bose-Einstein statistics. Moreover, they disobey pauli exclusion 


principle. We shall find different thermodynamic quantities of the system with the 
help of the formulae of electromagnetic waves. 


4. SOLUTION OF THE PROBLEM 


We write the basic equations of ma 


oie. gnetohydrodynamics fora real MHD fluid 
as follows? : 
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op ae 
eres: (P vy} = 0 (1) 
ao P+ Ge Wy x B) x B+ (1+ 1B HW VV: +aveY 
(2) 
eB > > > 
7 = VX WX B) t+ my? B ? ...(3) 
GaxBro mere 
ds 
PT ae =@Q (5) 
= p(P, T) ---(6) 


> > > 
where p = P (r, t) is the mass density of fluid, v = v es t) its velocity, p the pressure, 
r the displacement of the fluid, B the magnetic field, » and are the first and second 
coefficients of viscosity, vm the magnetic viscosity, T the absolute temperature, S the 
entropy and Q the energy density dissipated per unit time. Moreover, the last two 
terms in eqn. (2) represent the viscous forces. We assume that the waves propagating 
in the fluid are the plane harmonic waves having small amplitudes. With the help of 
this assumption the eqns. (!)-(5) can be linearized. Hence, we write 


a+ > > 


— 
v=ve+V1 = V1 


B = Bo + Bi 
p=Pot Pi eal d) 
P = Po + Pi 


where Yo. Bo, po and Po are constants and correspond to the uniform state of the fluid. 
> 
We take vp = Oat equilibrium state. Moreover, V1, Bi, pi and P are small perturba- 


po and Po respectively. The values of these perturba- 


tions in the quantities =a Bo, 
han the constant quantities and 


tions and their derivatives always remain less t 
we neglect all but the linear terms in at Bi, pi and P;. Hence, eqns (1)-(5) 


therefore, 
are linearized as : 
a + po(y > 11) =0 (8) 


Po art --wit = {(y x Bi) x Bo} + (y+ 1/3 ») 9 CW ° MI) 
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+ py? Vi nto} 
6B, > > ; = 
Ot ON ae (V1 x Bo) + vm v- By re CLD) 
Vv: By uth Jak ht) 
and 
as 12) 
Po T = Q. ooo 


dt 


This system of homogeneous, linear partial differential equations governs the behaviour 
of the perturbation in space and time. The assumption that the waves propagating 
in the fluid are plane harmonic waves, helps us to simplify eqns. (8)-(11). We 
introduce the plane wave solution : 


A = Ay et(F . k wt) ...(13) 


where A is any fluctuating quantity, 41 its amplitude, w the angular frequency, 


i = ¥—1 and K the wave vector. Thus the simplified form of the eqns. (8)-(11) 
will be : 


Pi w — Po(K + vi) = 0 (14) 


> > ] > a) >. > > > > 
Powv) = pi K + |) ((Bo - Bi) K — (K - Bo) Bi} — ip K2 yy 


— i) + 3 tk = yk ...(15) 
w By = (K - v1) Bo — (K - Bo) vy — ivm K2 By -..(16) 
REBT (17) 


The expression for the speed of sound gives 


Py 


2 
Po ae C, ...(18) 
where y = Cp/Cy; Cp and Cy are specific heats at constant pressure and volume 


respectively. With the help of eqns. (14)-(18), we may obtain the following relation 
between the kinetic and magnetic energies for all types of modes. 


ie ly — i (41 + 1/3 v) w | p; w]Po 
2(w + iv K2) 


(w+ ivm K2) RB 


8a (w+iv Kt) “1 ...(19) 


1/2 Po vi = 
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where m1 = /Po andy = u/Py is the kinematic viscosity. Also substitution of Bi 


from eqn. U9 into eqn. (15) and then Simplification with the help of the eqns. (14) 
and (18) gives the dispersion relation for general modes, given below : 


an: ~y 2 
[Pow tip K2 — Bea Ken Bol sen -({n— i i pleat Some 
4 (Ww + i vm K2) yw 47 (w+i vmK?2) 





ir 1/3 7 .. _(K - Bo) Bo = ns 
Ae | K 4n (Ww +ivm K2 (Roe 30) 


PA BS) (Bo? "71d 
4n (w ote lym K?) 





K. -..(20) 


Now corresponding to different modes of oscillatons this equation gives us different 
> 


dispersion relations. Moreover, calculating B; from eqn. (10) and substituting into 
eqn. (9) and then simplifying we can show that the velocity of Alfvén waves will be : 


Ee (21) 
Vda Po 


The condition that the fluid velocity v1 must be perpendicular to the unperturbed 
+ > 
magnetic field By and the wave vector K for the propagation of Alfvén waves gives : 


> 


K - y= 0 = Bo Ag w».(22) 


We take Bo along z-axis and A as the angle between Bo and K. 


Thus, 


K . B = KBo cos AX. oss(23) 
Thus eqns. (14), (18) and (22) jointly give 

Py = O= py. ...(24) 
We can simplify the eqns. (19)-(20) with the help of the eqns. (23)-(24). Thus we get 


(w + ivm K2) Bi 05 
4 => SS SS oe ef ~ 
eee 8 Oy + fy K?) o 
and 

vm v K4 + | c cos? Ai (vm + v) w | K2 — w2 = 0. ...(26) 


Equation (25) is the energy equation and (26) the dispersion relation for the 
Alfvén waves propagating in a real MHD fluid. Thus the compressibility of the fluid 
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+ 


Fic. 1. Direction of the magnetic field By, the wave vector K and the fluid velocity y,. 


does not play any role in Alfvén waves, density and pressure perturbations do not 
accompany these waves, energy flow is always along the magnetic lines of forces, 
geometrical spreading of the energy does not take place and the medium remains 
unchanged thermodynamically. Moreover, there is equipartition between hydro- 


dynamic and magnetic energies. Equation (26) gives the following relations for phase 
and group velocities respectively 


1/2 
u=wlK= | G* cos? A — i (vm +) wf a oF), 
and 


Pus 2 C® cos? A — i (vm + v) w me 


> = Cu. ...(28) 
eK 2 C? cos2A + i (vm +) K Ca cosa 








Due to the boundary conditions imposed by us on the walls of the box. the 
oblique propagation of MHD waves is impossible. The wave propagation will be either 
along or across the magnetic field. Here we shall consider only the propagation of 
Alfvén waves along the magnetic field. Thus A = 0 and eqn. (27) can be 1educed to 
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where L = vm + v 


ae ] ee * 
aK = C, +i ‘bs (29) 





3 
C" 


Since the propagation of Alfvén waves is along one side of the cubic box only; 
therefore, one dimensional formula for density of states will be® 


dg (K) = = dK. 
7 
Considering all types of polarizations of Alfvén waves, this will become : 


1/3 
dg (K) = “dK ...(30) 


where a = V1. 


Substitution of dK from eqn. (29) into eqn. (30) gives 


y1/3 
Ba GaN ins . pert! ele QB) 





Now we calculate the thermodynamic quantities of the system. Using the formula 
for free energy © of the system as given by Guggenheim? : 


X gk In (1 — exp — Ex/6). 
It can be written in integral form as 
oo 
E= 6 f In(l — exp(—hw/é)) dg ...(32) 
0 


where Ex = hw is the energy of kth Alfvénon and 6 = AT (k being Boltzmann’s 
constant and 7 the absolute temperature). Substituting equation (31) into equation (32), 


we get 


oo 

3 

E = rise | In (1 — exp (— hw/6)) dw 
a Ca 


o 
a 2iLV1" 6 | w - In(i — exp (Hw/8)) dw. 
co 0 
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Let 
hw/9 = 

1/3 C 

13 p2 
0 

2 iLV1i3 Q2 va ; 

sm aan aN, LS | x - In (1 — e7%) dx, -».(33) 
nmh2Ce 4 


The formula for power series of logarithmic functions is given below : 


oo -2z 


n 
In (l — e-#) = — s Sse 
n 


n=] 


We simplify the expression (33) as follows : 


co 00 a °) 
ts —2 V1/3 g2 ies d 2iLVTS se oe x - Sipleqe. nx 
mes kor i pies 











0 ‘n- e BOGS? a art 
Let 
nx = y 
2V13 2 = 1 
Oe pment Ame ws 
cme Ber tera yal | aan 
n=1 
oo oo 
2 iLV113 68 (> l | a G3 
1 | yer dy), me 
phic saa 
The integrals in eqn. (34) can be calculated as : 
J ewdy l= f{ yvevdy 
co oO 
Fes 2 VII3 2 SS 1 2 LV103 98 1 
: 7h Cy nz — »S 7m * 
n=1 7h? S59 n=1 , 


est o5) 
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Now 


72/6 


Ms 
- 


i 
= 


and 


I 


areal 
> =, = 1.202 


n=1 
— se V1'3 92 1/3 93 
ee Ei eet (36) 
# mh2 Cc 
The entropy of the system will be 
o& 
ea ( 660 ), 
3 1/3 g2 
CE a eee (37) 
s a h2 (es 
The pressure p will be 
o& 
ie ee g 
-2/3 92 -2)3 93 
pe ro ie} (0.8) LV - 6 ..(38) 
3 a 2 C*, 
3 
pV2i3 = aie +t (0.8) Le” EL) 
pate tc 


It is the equation of state for Alfvén waves propagating in a real MHD fluid. 
Thermodynamic potential M = & + pV 


peer ten 2 8) LIE ...(40) 
9f Cy ies Cc 

The mean energy E = & + 0S 

n V13 92 ra (4.8) LV18 68 .. (41) 


EB = 
ahCa a h2 C*, 
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The enthalpy y = E + pV. 


So 
ya Anvil ® | , G.6) Evin ae oF 
Behe: 7 h2 C* 
cE 
The specific heat at constant volume Cy = [ arth 
1/3 V113 g2 
ae TET a, ,ooet. ...(43) 
i n h2C% 


The specific heat at constant pressure Cp is given by 


dp jz 
: [ “a 
op 


Coe. Ce ee 


| 3 @ 


1 V1B 9 . (21.6) LV1P g2 
hice ae 
: 7 h2 C 


Therefore, 


Cp = ».(44) 


The ratio of specific heats y = Cp/Cy can be calculated as: 


y = 1.54. 


5. CONCLUSION 


From the equation of state of the system of Alfvén waves in areal MHD fluid, 
we may conclude that the equation consists of real and imaginary parts. The real 
parts are non-viscous while the imaginary part appearing on the right hand side of the 
equation -is due to viscous forces. If we ignore the viscous forces, eqn. (39) will be 
reduced to the equation of state of the system of Alfvén waves in an ideal MHD fluid). 


REFERENCES 


M. Y. Nasir, Act. Phys. Hung. 43 (1977), 217. 
M. Ilyas, M. Phil. dissertation, Quaid-i-Azam University, Islamabad, 1982. 
A. S. Kompaneyets, Theoretical Physics, Mir Publishers, Moscow. 1965, p, 268, 


E. A. Guggenheim, Thermodynamics, North Holland Publishing Company, Amsterdam, 
1967, p. 358, 


kwhrds — 


SUGGESTIONS TO CONTRIBUTORS 


a 


The INDIAN JOURNAL oF PuRE AND APPLIED MATHEMA 
Tics is devoted primarily to original 
research in pure and applied mathematics. : 


\ 
‘ 


Manuscripts should be typewritten, double-spaced with sufficient margins (including 
abstracts, references, etc.) on one side of durable white paper. The initial page should contain the 
_titel followed by author’s name and full mailing address, The text should include only as much as 


is needed to provide a background for the particular material covered. Manuscripts should be 
_ submitted in triplicate. , 


The author should provide a short abstract, in triplicate, not exceeding 250 words, summarizing 
the highlights of the principal findings covered in the Paper and the scope of research. 


m References should be cited in the text by the arabic numbers in superior. List of references 
should be arranged ia the arabic numbers, author’s name, abbreviation of Journal, Volume number 
(Year) page number, as in the sample citation given below : 


For Periodicals — 
1. R. H, Fox, Fund. Math. 34(1947)278. 
For Books aA. | , 
as Se: Rund, The Differential Geometry of Finsler Spaces, Springer-Verlag, Berlin, (1973) 
p. 283. 


Abbreviations for the titles of the periodicals should, in general, montorns to the World List ef , 
Scientific Periodica Is. é ‘ 


All mathematical expressions should be written clearly including the distinction between capital 
and small letters. Clear distinction between upper and lower cases of c.p,k,z,s, should be made 
while writing the expression in hand. Also distinguish between the letters such as ‘Oh’ and 
‘zero’; (el) and 1 (one); v, V and v (Greek nu); r and y (Greek gamma); X, X and % (Greek chi); 
_k, K and « (Greek kappa); Greek letter lambda (A) and symbol for vector product (A); Greek 
letter epsilon (€) and symbol for ‘is an element of’ (G). The equation numbers are to be placed 
at the right-hand side of the page. The name of the Greek letter or symbol should be written in 
the margin the first time itis used. Superscripts and subscripts should be simple and should be 
placed accurately. 


"Line drawings should be made with India ink on white drawing paper or tracing paper. 
Letterings should be clear and large. Photographic prints should be glossy with strong contrast. 
All illustrations must be numbered consecutively in the order in which they are mentioned in the 
text and should be referred to as Fig. or Figs. Legends to figures should be typed ona sepatate 
sheet and attached at the end of the manuscript. 

Tables should be typed separately from the text and placed at the end of the manuscript. Table 
_ headings should be short but clearly descriptive. 

Proofs should be corrected immediately. on receipt and returned to the Editor. If a large 
number of corrections are made i in the proof, the author should pay towards composition charges. 
In case, the author desires to ‘withdraw his paper, he should pay towards the composition charges, 
if the same is already done. 

For each paper, the authors will receive 50 reprints free of cost. Order for extra reprints 
should be sent with corrected page proofs. 


2 


Manuscripts, in triplicate, should be submitted alongwith the declaration : ‘‘The manusc ripts 
entitled.....- sewn DY---ee reece erees are submitted for publication only in the Indian Journal of 
Pure & Applied Mathematics and not elsewhere’’ to the Editor of Publications, Indian Journal of 
Pure and Applied Mathematics, {ndian National Science Academy, Bahadur Shah Zafar Marg, 


New Delhi 110002 (India). 


RN 19797/70 ! Regd. No. D-(C)-774 
INDIAN JOURNAL OF PURE AND APPLIED MATHEMATICS 


No. 9 September 1989 Volume 20 


CONTENTS 
Page 


Ona monotonicity property of measures of directed-divergence by J. N. 
Kapur and G. P. TriPATHI ae ws me te 851 


Bayes approach to prediction in samples from gamma population when 
outliers are present by G. S. LINGAPPAIAH a - re 858 


On the forms of n for which 9» (n)/n—1 by V. Siva RAMA PRASAD and © 
M. RANGAMMA Re pe ae £2 871 


The injective hull of a module with FGD by S. BHAVANARI 7 mx. 874 


On complete integral closure of G-domain by Sursit SinGH and Pammy 
MANCHANDA if He aud Ges 884 


On almost unified contact Finsler structures and connections by B. B. SINHA 
andR.K. YADAV ‘ve ane wes ase 887 


On F-absolutely translative summability methods by C,. ORHAN and M., A. 
SARIGOL ies e ee’ is 893 


Growth of composite integral functions by InpRanT LAHIRI re 899 


‘ 


On Li-convergence of certain trigonometric sums by Basu Ram and 


SURESH KUMARI tre ror ve a 908 
| On «-quasi convex functions by T. N. SHANMUGAM ie ft Soy 915 
Edge crack in orthotropic elastic half-plane by J. Dg and B. PATRA Nes 923 


Flow of a second order fluid due to the rotation of an infinite porous 
disk near a stationary parallel porous disk by B. B. SINGH and 
ANIL KUMAR ie xe the ve 931 


Propagation of alfven waves in a real magneto-hdyrodynamic fluid by M. Y. 
Nasir and M. Iryas. are, Vat ee a 944 








} as : 
Published and Printed by Dr O. N. Kaul, Executive Secretary, Indian National Science Academy, 
Bahadur Shah Zafar Marg, New Delhi 110002, at Leipzig Press, D-52, N.D.S.E. Part I 
New Delhi 110049, Ph. 622490 


